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• Prerequisites: configuration, notations 

 

• EM field equations + constitutive relations 

 

• Contrast source formulation 

 

• EMI susceptibility analysis 

 

• Wiener-Hopf technique  
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Synopsis 



• EMI configuration: 

 

 

 

 

 

       = supp{scatterer}     supp{EM environment} = 
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Prerequisites 

SUSCEPTOR 

  

SCATTERER 

EM environment 

D R3½



• Notation:  
 

• A.T. de Hoop, “Electromagnetic field theory in   
(N+1)-space-time: A modern time-domain 
tensor/array introduction,” Proceedings of the 
IEEE, vol. 101, no. 2, pp. 434-450, Feb. 2013.  
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Prerequisites 

[@iEj]
¡ = (@iEj ¡ @jEi)=2
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Field equations 

EM Wavefield and source quantities (arrays, arraylength=3) 

intensive field 

flow of EM energy 

extensive field 

flow of EM momentum 

volume source currents 

@x

·
intensive

field

¸
+ @t

·
extensive

field

¸
=

·
source

currents

¸

Sm =H¡m;kEk

Gi = B¡i;jDj

H¡m;k =¡H
¡
k;m

B¡i;j = ¡B
¡
j;i

K¡i;j = ¡K
¡
j;i

magnetic 

Er

Dk

Jk

electric 
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Field equations 

EM Wavefield and source quantities (arrays, arraylength=3) 

intensive field 

flow of EM energy 

extensive field 

flow of EM momentum 

volume source currents 

@x

·
intensive

field

¸
+ @t

·
extensive

field

¸
=

·
source

currents

¸

Sm =H¡m;kEk

Gi = B¡i;jDj

H¡m;k =¡H
¡
k;m

B¡i;j = ¡B
¡
j;i

K¡i;j = ¡K
¡
j;i

magnetic 

Er

Dk

Jk

electric 

x: position t: time 
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Field equations 

@mH
¡
m;k + @tDk = Jk

[@iEj]
¡ + @tB

¡
i;j = K¡i;j

EM Wavefield and source quantities (arrays, arraylength=3) 

intensive field 

flow of EM energy 

extensive field 

flow of EM momentum 

volume source currents 

Sm =H¡m;kEk

Gi = B¡i;jDj

H¡m;k =¡H
¡
k;m

B¡i;j = ¡B
¡
j;i

K¡i;j = ¡K
¡
j;i

magnetic 

Er

Dk

Jk

electric 
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Constitutive relations 

Constitutive properties (local | passive | linear | time invariant | isotropic) 

  (scatterer)      (free space) D R3

electric Dk = ²0[±(t) +Âe(x; t)]
(t)
¤ Ek

Dk = ²0Ek

Âe(x; t)electric contrast 

Âm(x; t)magnetic contrast 

B¡i;j = ¹0[±(t) + Âm(x; t)]
(t)
¤ H¡i;j

B¡i;j = ¹0H
¡
i;jmagnetic 

·
intensive

field

¸ ·
extensive

field

¸
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Constitutive relations 

Constitutive properties (local | passive | linear | time invariant | isotropic) 

  (scatterer)      (free space) D R3

electric Dk = ²0[±(t) +Âe(x; t)]
(t)
¤ Ek

Dk = ²0Ek

Âe(x; t)electric contrast 

Âm(x; t)magnetic contrast 

B¡i;j = ¹0[±(t) + Âm(x; t)]
(t)
¤ H¡i;j

B¡i;j = ¹0H
¡
i;jmagnetic 

    : time convolution (t)
¤

·
intensive

field

¸ ·
extensive

field

¸
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Contrast-source scattering 
formulation 

• Input: 
 

• EM environment (free space) 
 

• Incident field 
 

• Constitutive parameters of scatterer 



Total field    = Incident field      + Scattered field      (           ) 
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Contrast-source scattering 
formulation 

Contrast-source currents (           ) x 2 D
electric 

Jsk =¡@t(Dk ¡ ²0Ek)

magnetic 

K
s;¡
i;j =¡@t(B¡i;j ¡¹0H

¡
i;j)

x2R3
£
¢i
¤

[¢s][¢]
2
4

scattered

intensive

field

3
5=

2
4

Green's

function

embedding

3
5 (x)
¤
(t)
¤

2
4

contrast-

source

currents

3
5 for x 2 R3



Total field    = Incident field      + Scattered field      (           ) 
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Contrast-source scattering 
formulation 

Contrast-source currents (           ) x 2 D
electric 

Jsk =¡@t(Dk ¡ ²0Ek)

magnetic 

K
s;¡
i;j =¡@t(B¡i;j ¡¹0H

¡
i;j)

x2R3
£
¢i
¤

[¢s][¢]
2
4

scattered

intensive

field

3
5=

2
4

Green's

function

embedding

3
5 (x)
¤
(t)
¤

2
4

contrast-

source

currents

3
5 for x 2 R3

    : spatial convolution 
(x)
¤



• Contrast-current integral equation: 

        for             + constitutive relations in 

 

 

• Natural oscillations when incident field = 0 
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Contrast-source integral equation 

8
<
:

natural

oscillations

scatterer

9
=
; =

·
er(x)

h¡i;j(x)

¸

n

exp(snt)H(t); sn 2 C;

Re(sn) < 0; n = 1; 2;3; : : :

x 2 D D



• Contrast-current integral equation: 

        for             + constitutive relations in 

 

 

• Natural oscillations when incident field = 0 
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Contrast-source integral equation 

8
<
:

natural

oscillations

scatterer

9
=
; =

·
er(x)

h¡i;j(x)

¸

n

exp(snt)H(t); sn 2 C;

Re(sn) < 0; n = 1; 2;3; : : :

x 2 D DAnalytic 
continuation 

Analytic 

Isolated 
singularities 

f(t)H(t)
LT7¡!f̂(s)



• Spherical susceptor 

J.A. Stratton, Electromagnetic Theory, New York: McGraw-Hill Inc., 

1941. 
 

• Fabry–Pérot laser resonator 

H. Blok, Diffraction Theory of Open Resonators, (dissertation), 

Rotterdam, the Netherlands, 1970. http//:www.repository.tudelft.nl. 
 

• Patch antenna element 

G.A.E. Vandenbosch, “Semi-analytical modeling of coaxial feeds,” 

IEEE Trans. Antennas Propag., vol. 60, no. 3, pp. 1252–1260, 

March 2012. 
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Open resonator natural modes of 
oscillation – examples 



• Dielectric resonator 

H.Y. Yee, “Natural resonant frequencies of microwave dielectric 

resonators,” IEEE Trans. Microw. Theory Techn., vol. 13, no. 2, 

p. 256, Mar. 1965. 

J. Van Bladel, “On the resonances of a dielectric resonator of 

very high permittivity,” IEEE Trans. Microw. Theory Techn.,    

vol. 23, no. 2, pp. 199–208, Feb. 1975. 

J. Van Bladel, “The excitation of dielectric resonators of very 

high permittivity,” IEEE Trans. Microw. Theory Techn., vol. 23, 

no. 2, pp. 208–217, Feb. 1975. 

10/10/2014 WF1 - Pulsed-field ElectroMagnetic immunity in a complex digital environment - Ioan E. Lager  16 

Open resonator natural modes of 
oscillation – examples 



• Approach 

 

 

 

• Incident field 

        = operational field        + disturbance 

 

• Disturbance mitigation  

I         Wiener filter             (Wiener-Hopf technique) 
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EMI susceptibility analysis 

£
¢i
¤

[¢op]
£
¢¢
¤

£
¢¢
¤

£
¢¢
¤

8
<
:

natural

oscillations

susceptor

9
=
;

·
incident

field

¸
EM Reciprocity 



J.B. Lawrie and I.D. Abrahams, “A brief historical perspective 
of the Wiener–Hopf technique,” J. Eng. Math, vol. 59, no. 4, 
pp. 351–358, Dec. 2007.  
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Wiener-Hopf technique 

Norbert Wiener 
(1894–1964) 

Eberhard Frederich 
Ferdinand Hopf 

(1894–1964) 



Definitions 
 

• Time convolution: 

 

 
 

• Time correlation: 
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Single-channel, optimum linear 
filtering 

C(f1; f2; ¿) =

Z 1

¡1
f1(t)f2(¿ ¡ t)dt

R(f1; f2; ¿) =

Z 1

¡1
f1(t)f2(¿ + t)dt



Signals 

• Input signal: 
 

with: 

•             operational signal 

•          disturbing signal 

 

• Desired output signal: 
 

with: 

•         linear, time-invariant, causal filter 
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Single-channel, optimum linear 
filtering 

f in = foper + f±

foper =

f± =

G =

fout = C(G;f in; t)



Signals 

• Input signal: 
 

with: 

•             operational signal 

•          disturbing signal 

 

• Desired output signal: 
 

with: 

•         linear, time-invariant, causal filter 
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Single-channel, optimum linear 
filtering 

f in = foper + f±

foper =

f± =

G =

fout = C(G;f in; t)

Deviation from the desired signal:  
 

                                       Cost function ¢= R(fout; fout;0)



• Optimum filter:  

 

 

• Solution: Wiener-Hopf integral equation 
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Single-channel, optimum linear 
filtering 

Assumption:  R(foper; f±; ¿) = 0

Gopt = min
G

(¢)

Z 1

¾=0

R(f in; f in; ¿ ¡ ¾) Gopt(¾)d¾ = R(f in; fout; ¿)

for 0 < ¿ <1



Example: 
 

 

• Extrapolation ®<0  

• Instantaneous  ®=0 

• Interpolation ®>0 
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Single-channel, optimum linear 
filtering 

fout(t) = foper(t¡®)


