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Synopsis

Synopsis:

• Wavefield arrays in (N + 1)-spacetime, Operations on arrays

• The observer in (N + 1)-spacetime, Subscript notation, summation convention

• Intensive field quantities, extensive field quantities, source quantities

• EM field equations (Maxwell), field/source compatibility relations

• Causality, constitutive relations

• Energy balance, Balance of momentum

• Radiation from sources

• Wavefield reciprocity (time-convolution, time-correlation)

• Conclusion
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Operations on wavefield arrays in (N+1)-spacetime RN × R

• WAVEFIELD ARRAYS IN (N+1)-SPACETIME: R
N × R

•{Φ, Ek, Hi,j, σi,j,k}(x, t) ∈ {arrays of arraylengthN ; x ∈ R
N , t ∈ R}

• OPERATIONS ON ARRAYS:

• antisymmetrization: [Hi,j]
− def
= (Hi,j −Hj,i)/2 = −[Hj,i]

−

• symmetrization: [Hi,j]
+ def
= (Hi,j +Hj,i)/2 = +[Hj,i]

+

• diagonalization: [Hi,j]
δ def
= (Hk,k/N)δi,j

• deviatorization: [Hi,j]
∆ def
= [Hi,j]

+ − [Hi,j]
δ

• circulation: [σi,j,k]
	 def
= (σi,j,k + σj,k,i + σk,i,j)/3 (i 6= j 6= k) ( N ≥ 3 )

= [σj,k,i]
	 = [σk,i,j]
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Wavefield arrays in (N+1)-spacetime RN × R (Properties)

• PROPERTIES:

{[·]−, [·]+, [·]δ, [·]∆} ∈ { projection operators }

• projection: repetition−→reproduction

{[·]−, [·]+} ∈ { mutually orthogonal operators }

{[·]−, [·]δ, [·]∆} ∈ { mutually orthogonal operators }

• mutually orthogonal: combination−→annihilation

• orthogonal decomposition: Hi,j = [Hi,j]
− + [Hi,j]

δ + [Hi,j]
∆

• [∂m∂k]
− = 0, • [∂m∂k]

+ = ∂m∂k

• ∂k∂m[Hm,k]
− = 0

• [∂k[∂iEj]
−]	 = 0 (i 6= j 6= k;N ≥ 3)
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EM fields in (affine) (3 + 1)-spacetime

• (3 + 1)-spacetime R
3 × R, (x ∈ R

3, t ∈ R):
affine (Weyl)

metric (Einstein)

(Background) R
3: • HOMOGENEOUS • ISOTROPIC: =⇒ Relativity

Field Observer Decomposition: Electric | Magnetic field

’Maxwell’

Electro-
Observer 1

=⇒ • Electric Field 1 ⇐⇒ • Magnetic Field 1

Magnetic ↓ v • ↑ −v (special) ←− m ’Lorentz’ m −→ (relativity)

Field
Observer 2

=⇒ • Electric Field 2 ⇐⇒ • Magnetic Field 2

’Maxwell’

• v = (constant) relative velocity of Observers 1 & 2
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Array (Weyl) structure of Maxwell wavefields

• Einstein: All macroscopic physical wavefields are tensorial in nature

• Tensor of rank p in R
N : p-d array of lengths N × . . .×N

︸ ︷︷ ︸

(p = 0, 1, 2, 3, . . .)

• SUBSCRIPT NOTATION: (m,n = 1, . . . , N)

• x → xm : position (1-d array)

• ∂m = ∂/∂xm : spatial derivative (1-d array)

• ∂mxn = δm,n : Kronecker array (2-d unit array)

(• δm,n = 1 if m = n, • δm,n = 0 if m 6= n)

• SUMMATION CONVENTION (repeated subscripts):

• δp,nδn,q =
∑N

n=1 δp,nδn,q = δp,q

• δm,m =
∑N

m=1 δm,m = N
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Maxwell (EM) wavefield and source quantities

Intensive Extensive Source

field quantity field quantity quantity

’field strength’ ’flux density’ ’volume density of’

’current’

Electric Ek Dk Jk

Magnetic [Hi,j]
− = −[Hj,i]

− [Bi,j]
− = −[Bj,i]

− [Ki,j]
− = −[Kj,i]

−

’PRODUCT’ ’PRODUCT’

Sm = [Hm,k]
−Ek Gi = [Bi,j]

−Dj

area density of volume density of

EM power flow EM wave momentum

• {Ek, Dk, Jk} (1-d), {[Hi,j]
−, [Bi,j]

−, [Ki,j]
−} (2-d anti-symmetric)
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EM field equations and field/source compatibility relations

• WAVEFIELDS: • Changes in space ( ∂m = ∂/∂xm) counterbalance

• Changes in time ( ∂t = ∂/∂t)

EM field equations (Maxwell)

• ∂m [Hm,k]
− + ∂t Dk = Jk (Maxwell 1)

• [∂i Ej]
− + ∂t [Bi,j]

− = [Ki,j]
− (Maxwell 2)

• FIELD/SOURCE COMPATIBILITY RELATIONS:

• ∂k∂m[Hm,k]
− = 0

=⇒ • ∂t(∂kDk) = ∂kJk

• [∂k[∂iEj]
−]	 = 0 (i 6= j 6= k;N ≥ 3)

=⇒ • ∂t[∂k[Bi,j]
−]	 = [∂k[Ki,j]

−]	 (i 6= j 6= k;N ≥ 3)
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Volume densities of electric and magnetic charge

• VOLUME DENSITY OF ELECTRIC CHARGE:

• ρ
def
== −∂−1

t ∂kJk (0-d array)

=⇒ • ∂kDk = −ρ

• VOLUME DENSITY OF MAGNETIC CHARGE:

• σk,i,j
def
== −∂−1

t [∂k[Ki,j]
−]	 (i 6= j 6= k;N ≥ 3)

(completely antisymmetric 3-d array)

=⇒ • [∂k[Bi,j]
−]	 = −σk,i,j(i 6= j 6= k;N ≥ 3)
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Causality, uniqueness of initial-value problem

• CAUSALITY (UNIQUENESS OF TIME EVOLUTION

= UNIQUENESS OF INITIAL-VALUE PROBLEM):

• EM field(x, t0) for x ∈ R
3 Field equations

=⇒ =⇒

EM field(x, t) for x ∈ R
3, t > t0 (uniquely)

• ’Maxwell’: # Equations < # Unknowns =⇒

• CONSTITUTIVE RELATIONS

(simplest case: homogeneous, isotropic, lossless):

• Dk= ǫ Ek ( ǫ = electric permittivity)

• [Bi,j]
−= µ− [Hi,j]

− ( µ− = magnetic permeability)

• =⇒ ’Maxwell’: # Equations = # Unknowns
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EM energy balance (local & global) (⇐⇒ Thermodynamics)

• EM ENERGY BALANCE (local & global over domain D):

EM field equations at (x, t)

• (Maxwell 1)k Ek

• (Maxwell 2)i,j [Hi,j]
−

• EM energy balance +

D

∂D

νx

• ∂mSm + ∂tw = P (local)

• Sm = [Hm,k]
−Ek area density of EM power flow (Poynting vector)

• w = EkDk/2 + [Hi,j]
−[Bi,j]

−/2 volume density of stored EM energy

• P = JkEk + [Ki,j]
−[Hi,j]

− volume density of EM power delivered by sources
’GAUSS’
=⇒ •

∫

∂D SmνmdA + ∂t
∫

DwdV =
∫

D PdV (global)



12

Delft University of Technology c© 2013 Laboratory of Electromagnetic Research

EM Research

Balance of EM momentum (local & global) (⇐⇒ Mechanics)

• BALANCE OF EM MOMENTUM (local & global over domain D):

EM field equations at (x, t)

• (Maxwell 1)k [Bi,k]
−

• (Maxwell 2)i,j Dj

• balance of EM momentum +

D

∂D

νx

• −∂iTi,j + ∂tGj = fj (local)

Ti,j = • Maxwell stress (−’EM radiation pressure’)

Gi = • volume density of EM momentum

fj = • volume density of force exerted by the sources
’GAUSS’
=⇒ • −

∫

∂D νiTi,jdA + ∂t
∫

DGjdV =
∫

D fjdV (global)
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EM radiation from sources (homogeneous, isotropic, lossless medium)

• EM RADIATION FROM SOURCES:

• Maxwell 1

• Maxwell 2

• Elimination of [Hi,j]
− + use of

• ∂kEk = ǫ−1∂−1
t (∂mJm) (compatibility relation) =⇒

• ELECTRIC-FIELD WAVE EQUATION:

• (∂m∂m)Ek − c −2∂2
tEk = − Fk

• c = (ǫ µ−)−1/2 (EM wavespeed)

• Fk = µ− ∂tJk − ǫ−1∂−1
t ∂k(∂mJm)− ∂m[Km,k]

−
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Wave equation and its solution (homogeneous medium)

• WAVE EQUATION (HOMOGENEOUS MEDIUM):

• [WAVE OPERATOR] FIELD = − SOURCE

• WAVE OPERATOR = ∂m∂m − c−2∂2
t

• SOURCE = δ(x, t)
(x)
∗

(t)
∗ SOURCE

• [WAVE OPERATOR] GREEN = −δ(x, t)

=⇒ • SOLUTION: =⇒ • FIELD = GREEN
(x)
∗

(t)
∗ SOURCE

• GREEN =
δ(t− |x|/c)

4π|x|
for x 6= 0 (N=3)(3D)

•
(x)
∗

(t)
∗ ∂m∂t = ∂m∂t

(x,t)
∗
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Electric-current and magnetic-current potentials

• RADIATED FIELD = GREEN
(x)
∗

(t)
∗ SOURCE

• ELECTRIC-CURRENT ’POTENTIAL’:

• Ak = G
(x)
∗

(t)
∗ Jk

• MAGNETIC-CURRENT ’POTENTIAL’:

• [Ψi,j]
− = G

(x)
∗

(t)
∗ [Ki,j]

−
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EM Wavefield reciprocity (StatesA and B)

• WAVEFIELD RECIPROCITY (interaction of two STATES):

Reciprocity (x ∈ D ∪ ∂D, t ∈ R)

State Field strengths Flux densities Sources

A EA
k , [H

A
i,j]

− DA
k , [B

A
i,j]

− JA
k , [K

A
i,j]

−

B EB
k , [H

B
i,j]

− DB
k , [B

B
i,j]

− JB
k , [K

B
i,j]

−

D

∂D

νx
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EM Wavefield reciprocity (local interaction States A and B)

• AREA DENSITY OF TIME-CONVOLUTION INTERACTION FLOW:

• SAB
m (x, t) = [HA

m,k]
−(x, t)

(t)
∗ EB

k (x, t)

•
(t)
∗ = time convolution

• VOLUME DENSITY OF STORED TIME-CONVOLUTION

INTERACTION:

• ∂mS
AB
m (x, t) = QAB(x, t)

• QAB = (JA
k − ∂tD

A
k )

(t)
∗ EB

k + ([KB
m,k]

− − ∂t[B
B
m,k]

−)
(t)
∗ [HA

m,k]
−
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EM Wavefield reciprocity (local time-correlation interaction States A and B∗)

• AREA DENSITY OF TIME-CORRELATION INTERACTION FLOW:

• SAB∗

m (x, t) = [HA
m,k]

−(x, t)
(t)
∗ EB∗

k (x, t)

•
(t)
∗ = time convolution

• ∗ = time reversal (t∗ = −t, ∂t = −∂∗
t )

• VOLUME DENSITY OF STORED TIME-CORRELATION

INTERACTION:

• ∂mS
AB∗

m (x, t) = QAB∗
(x, t)

• QAB∗
= (JA

k − ∂tD
A
k )

(t)
∗ EB∗

k + ([KB∗

m,k]
− − ∂t[B

B∗

m,k]
−)

(t)
∗ [HA

m,k]
−
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Time-convolution EM reciprocity

• TIME-CONVOLUTION EM RECIPROCITY (LOCAL):

• ∂m(S
AB
m − SBA

m ) = QAB −QBA

D

∂D

νx

• GLOBAL: (’GAUSS’)

•

∫

∂D

νm(S
AB
m − SBA

m )dA=

∫

D

(QAB −QBA)dV
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Time-correlation EM reciprocity

• TIME-CORRELATION EM RECIPROCITY (LOCAL):

• ∂m(S
AB∗

m + SB∗A
m ) = QAB∗

+QB∗A

D

∂D

νx

• GLOBAL: (’GAUSS’)

•

∫

∂D

νm(S
AB∗

m + SB∗A
m )dA=

∫

D

(QAB∗
+QB∗A)dV
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Conclusion

• ARRAY-STRUCTURE BASED EM THEORY:

• Involves only elementary mathematics (∂m, ∂t,
(t)
∗ ,

(x)
∗ , ’GAUSS’)

• Does away with standard VECTOR CALCULUS

• Does away with the condition of RIGHT-HANDEDNESS in orientation

of spatial reference frame

• Reformulates the notion of the ’MAGNETIC MONOPOLE’ (= 3-d array)

• Considers SpaceTime as an ’affine’ space (Weyl), not a ’metric’ space (Einstein)

=⇒ 4D LORENTZ ’METRIC’
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Conclusion (cont’d)

• ARRAY-STRUCTURE BASED EM THEORY:

• Has implications for ’string theory’ (Dirac) in quantum electrodynamics

(no ’vector potential’ as the basic ingredient)

• Maps straightforwardly on ’array’ handling in computational electromagnetics

• Can be generalized to (N + 1)-spacetime, (N > 3) =⇒ theoretical cosmology

• Yields straightforward axiomatic approach to (special) relativity

(Lorentz transformations)
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The End

THE END
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