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Synopsis:

e EM fields in (affine) (3 4+ 1) spacetime

EM Research

e Intensive field quantities, extensive field quantities, source quantities

e EM field equations and field/source compatibility relations
e Causality and EM constitutive relations

e EM energy theorem

e Time-domain EM field radiated by sources

e Green's tensor of the electric-field vector wave equation

e Time-domain EM reciprocity relations

e Conclusion

Synopsis
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EM Research

e (3 + 1)-spacetime (x € R’ t € R): metric space

R3: ¢« HOMOGENEOQUS ¢ ISOTROPIC

affine

Field Observer Decomposition
"Maxwell’
Electro- Obsg}er ! e Electric Field 1 <= e Magnetic Field 1
Magnetic || v @ T —v| (special) «— {J ’Lorentz’ ] — (relativity)
] | R paer——— . T

"Maxwell’

.

e v = (constant) relative velocity

EM fields in (affine) (3 4+ 1)-spacetime
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e Einstein: All macroscopic physical wavefields are tensorial in nature

e Tensor of rank p in RY: p-dimensional array of length NV x ... x N

~

p

e SUBSCRIPT NOTATION: (n=1,...,N)

e x — x, : position vector (tensor of rank 1)
e 0, = 0/0x,, : spatial derivative (tensor of rank 1)

® O,y = 0y : Kronecker (unit) tensor (tensor of rank 2)
(¢ dppn =1ifm=mn, ®d,, =0if m #n)
e SUMMATION CONVENTION (repeated subscripts):

N
¢ 5p,n5n,q — anl 5p,n5n,q = 5p,q

\ g 5m,m — 2%21 5m,m =N /

04

Tensorial nature of physical wavefields (Einstein)
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Intensive Extensive Source
field quantity field quantity quantity
'field strength’ 'flux density’ 'volume density of’
‘current’
Electric E Dy Ji
Magnetic iy 5 = =il I8 5 = =8¢ G 5 = =M ss
'PRODUCT’ 'PRODUCT’
Sm = Hp 1 By, Gi = B, ;D;
area density of | volume density of
EM power EM momentum

o {H,,, B, K, ;} (anti-symmetric, rank 2)

N L

EM field and source quantities
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e WAVEFIELDS: e Changes in space ( 8, = 3/0x,,) counterbalance

.

EM Research

e Changes in time ( 9; = 3/0t)

EM field equations (Maxwell)
® Oy Hyp + 0y D= Jy

e FIELD/SOURCE COMPATIBILITY RELATIONS:

o akaTrL}[m,k — amalc[——’m,k — _amak:Hk,m — - akaTrL}[m,k =0

— ] E)t(aka) = (’9ka

° 8k(8zEj — 8]EZ) + 8@<8]Ek — akE]) + aj<8k‘EZ — &Ek) =0 (Z 7é j # /f)
— ) at(asz’,j + (%Bj,k + ajB]m') — ak;Ki,j =+ az'Kj,k T aij,i (Z 7é ] # k)

EM field equations and field/source compatibility relations

06 /

Delft University of Technology (© 2010

Laboratory of Electromagnetic Research



3
/— TUDelft

.

e VOLUME DENSITY OF ELECTRIC CHARGE:

®|p= —Qt_lakjk

(scalar)

— 8ka:—p

e VOLUME DENSITY OF MAGNETIC CHARGE:

®|0ki; = —agl(akKij + az'K]T]{ + aij_,i) (1 #J # k)

(completely antisymmetric tensor of rank 3)

— o ({9]{3;7 + @B;k + 5’331;,@ = —O0L,.,j (Z 7é] 7é k)

EM Research

Volume densities of electric and magnetic charge

o
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e CAUSALITY (UNIQUENESS OF TIME EVOLUTION
= UNIQUENESS OF INITIAL-VALUE PROBLEM):

Field equations

e EM field(x, to) for x € R?
EM field(x, t) for x € R® ¢ > ¢, (uniquely)

e 'Maxwell’: # Equations # # Unknowns —

e CONSTITUTIVE RELATIONS (simplest case):
o D;= € Fj. (€ = electric permittivity)

e B; ;= p H,; (;# = magnetic permeability)

e —> 'Maxwell’: # Equations = # Unknowns

08 J

Causality, uniqueness of initial-value problem

Delft University of Technology (© 2010 Laboratory of Electromagnetic Research



]
— TUDelft

e EM ENERGY BALANCE (local & global over domain D):

EM field equations at (x,?) -
® Oy Hpp + O Dy —J. | E
e 0; k| 0; B + n0y Hj= K, ;| H, /2 DI v
e EM energy balance +

® 0,5, + 0w =P (local)
o S, =H, i E} area density of EM power flow (Poynting vector)

o w= E;D;/2+ H, ;B, j/4|volume density of stored EM energy
o P=J.E;+ K, jH; /2 |volume density of EM power delivered by sources

B2 o [ SutndA+ 8 [ywdV = [, PAV (global)

N o
EM energy balance (local & global)
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e BALANCE OF EM MOMENTUM (local & global over domain D):

EM field equations at (x,1) 9D
o Op Hy, 1 + O Dy = Ji |Bik
e &;E,— 8, E;+ 8B, =K, | D, o Y
e balance of EM momentum -+

o —0T1,;+0,G;=f; (local)

T ; = | ® | Maxwell stress tensor ('"EM radiation pressure’)

G; = | e |[volume density of EM momentum

J; = | ® | volume density of force exerted by the sources

°o — fap v;1; ;}dA + O fD G;dV = fD f;dV (global)

1 /

Balance of EM momentum (local & global)
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e MAXWELL STRESS TENSOR:

o| T, ;= E;D; — (E.Dy/2)6; ; — H;xBjk + (Hyp, ;- Bin i /4)0:

e VOLUME DENSITY OF EM MOMENTUM:

® Gz = Bi’ij

e VOLUME DENSITY OF FORCE EXERTED BY THE SOURCES:

o| f[i=DB1Ji+ K;xDip — Ejp+ Hp 1.0m k]2

11 /

Balance of EM momentum (continued)
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e MAXWELL STRESS TENSOR (AUXILIARY RELATIONS D;):

° Dj(aiEj — ajEZ-> =
(92(E]D]/2) — (9](EZD]) + E@@D]]
0,(E;D;/2) — 0;(E:D;) + Eip

12 /

Maxwell stress tensor (auxiliary relations Dy,)
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e MAXWELL STRESS TENSOR (AUXILIARY RELATIONS B, :):

® B 1OnHpy = On(BixHnk) — HnpOnBix

Oi(Hy i B ie/2) — B kO Bmi — Hy kO ik
= O(Hyp i Boi/2) = By yOnBik — HuytOmi
—
B xO0nHpyr = 0i(HniBmi/4) — HykOmik/2

® m,kamBi,k Hm,k:<_ain:,m - ak:Bm,z> + at_l(asz,k + asz,m + aka,z)

/

\ 13

Maxwell stress tensor (auxiliary relations B; ;)
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e EM RADIATION FROM SOURCES:

EM field equations at (x,?)

o am}[m,k: + EatEk: — Jk ,U'at
® @EJ — ajEZ + ,U/(?t Hz',j = Ki,j ’ﬂ

e Elimination of H,; + use of

o 0B, = ¢'0,%0,,.J,,) (compatibility relation) =

e ELECTRIC-FIELD VECTOR WAVE EQUATION:

® (amc?m)Ek — C _Q@QEk - — Fk

o ¢ = (ep) /% (EM wavespeed)
o [} = ,LL@th — e_lﬁflﬁk(ﬁme) — (‘9me,;€

.

EM Research

EM radiation from sources

Y /

Delft University of Technology (© 2010

Laboratory of Electromagnetic Research



3
/— TUDelft

.

e ELECTRIC-FIELD VECTOR WAVE EQUATION:

EM Research

® (8m8m)Ek — C _2(97?Ek = — Fk
= —(5(213,t) (f)(i) Fk

o Fi. = ,u&ng — 6_1815_18k(6m<]m) — ame,k

—> SOLUTION:

(.1)
QEk:G * Fk

* (0,,0,,)G — ¢ 0!G = — (=, t)

Lo St—lel/o)

4| x|

forx # 0 (3D)

(T )

)(t) (Tt
e x x 0,0, =0,0, x |

The electric-field vector wave equation and its solution

15 /

Delft University of Technology (© 2010

Laboratory of Electromagnetic Research



3
/— TUDelft

e THE RADIATED FIELD: (o E; =G %

(?)

EM Research

o Fi = ,u@t A — e‘lﬁglﬁkﬁm A, — 0, \Ifmjk

° Hm‘ — €O, \If@'J - /L_l(?{l(?m[am \pz’,j + 0} \Ifj7m + aj \Ifmﬂ' ] — 0 Aj + +(9j A;

e VECTOR POTENTIAL:

o 4, —=q PV

e SCALAR GREEN’S FUNCTION:
o G = Ot — |=l/c) for x # 0

4| x|

(3D)

.

[ J \Ifz"j :G

f

(Cf)(>|< i

e TENSOR POTENTIAL:

0]

/

The radiated field (vector and tensor potentials)
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e FIELD RECIPROCITY (interaction of two STATES):

Reciprocity (x € DU JD, t € R)
State | Field [Medium| Source
A |ENLHY et TN K
B EkB,HB B,,uB Jk,KB
oD
D xr v
__ b
EM field reciprocity
Delft University of Technology (© 2010 Laboratory of Electromagnetic Research
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e TIME-CONVOLUTION FIELD RECIPROCITY:

EM Research

State| EM field equations (x € DU D, t € R)
A e 9, HA (1) + AQEM) _ g | W ER
B e O,EB(t) — ,EP(t) + pBOHE (1) = KB(t) % HA(t)/2
o —|A=RB
e LOCAL:
o 0, HA (1) ¥ EE() — HE () ¥ BA(1) ) +
O = BB (1) W EP(t) + o pf — p ) HE (1) W HA ()2 =
JA) W BB + KB W HA®) 2 — B Y B — KA@M) W HE(1)/2
\_ " J

Time-convolution EM field reciprocity (local)
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e TIME-CONVOLUTION FIELD RECIPROCITY:

0D

e GLOBAL: ('GAUSS’)

EM Research

(?)

o [ w0 ¥ EE®) - HE,0) ¥ B0 104+
oD

/D (A= BB ¥ @) + (4P

/D A W EE@) + KE) W HAM 2 — 3P Y B

— S HE () ¥ HA () /2}dV =

= K{5(t) * Hyj(t)/2av

(1)

.

Time-convolution EM field reciprocity (global)
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e TIME-CORRELATION FIELD RECIPROCITY:

EM Research

State EM field equations (x € DU JD, t € R)
®
A o 0,HA (1) + DB — s YEren
. (1)
B | OEP(—t) = 9,EP(—t) — wPaHE(—t) = K 1"(=t)| ¥ HA®)2
e +| A= B
e LOCAL:
0 0
o O, Hpy (t) ¥ EP(—t)+ HE [(—t) * EXt) ]+
0 0
(et = P)QENt) * EF(—t)] + (pt — pP )O[H] (—t) x H(1)]/2 =
JAH) W BB (—t) + KB(—t) ¥ HA(1) /2 +
N JB(—1) ¥ BA) + KA@M) W HE (—1)/2 )
20

Time-correlation EM field reciprocity (local)
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e TIME-CORRELATION FIELD RECIPROCITY:
0D

e GLOBAL: ('GAUSS’)

EM Research

. / vl HA () W EB(—t) + HE (—t) ¥ BA1)1dA +
oD

/D (A= PaEN) W BB () + (ph = 1B o HE (—t)

/ A Y BP (=) + KB (—t) ¥ HAt))2+

t t
JE(—t) ¥ BA) + KA ¥ HE(—)/2v

Y HA®) 2V =

Time-correlation EM field reciprocity (global)
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e LORENTZ TRANSFORMATION (COVARIANCE CRITERION) :

9, — 0,

TN:Oé<ZlZN—’LUNt> — (9N:oz5N+75t

t=~vzy+at Oy =a 0y —a wy Oy

.

e {a,v} follow from:

e EM field equations O(x, 1)

e Compatibility relations O(x, )

o {¢u}

e EM field equations O(T

1)

< | |e Compatibility relations O(z, 1)

o {6}

EM Research

/

Lorentz transformation (covariance criterion)
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e LORENTZ
e TRANSFORMATION

Space & Time

EM Research

Field quantities

E/LJN’LUN

e ukK, Wy

Relativistic

corrections

T = Reynold
— to Reynolds'’
Jy =a(Jy + pwy) Y
— transport
p=a(p+|epSywy | P
theorem

Fﬂ v = (K, + 0p0 Nw0N)

OpwN = (0N + | €l ywy

23 /

Lorentz transformation (space, time, field & source quantities)
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e FULL TENSORIAL EM THEORY:

. (1)
e Involves only elementary mathematics (0,,0, = 0,0, *,

e Does away with standard VECFOR-CALCUEYS

EM Research
()

*)

e Does away with the condition of RKGHH-HANBEDNESS in orientation

of spatial reference frame

e Reformulates the notion of the MAGNEHEMONOPOLE' (= tensor of rank 3)

e Considers SpaceTime as an 'affine’ space (not a

4BDHORENFAMETRIC

metric’ space) —>

e Has implications for 'string theory’ (Dirac) in quantum electrodynamics

(no 'vector potential’ as the basic ingredient)

e Maps straightforwardly on "array’ handling in computational electromagnetics

24 /

Conclusion
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