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Synopsis

Synopsis:

• EM fields in (affine) (3 + 1) spacetime

• Intensive field quantities, extensive field quantities, source quantities

• EM field equations and field/source compatibility relations

• Causality and EM constitutive relations

• EM energy theorem

• Time-domain EM field radiated by sources

• Green’s tensor of the electric-field vector wave equation

• Time-domain EM reciprocity relations

• Conclusion
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EM fields in (affine) (3 + 1)-spacetime

• (3 + 1)-spacetime (x ∈ R
3, t ∈ R):

affine
metric space

R
3: • HOMOGENEOUS • ISOTROPIC

Field Observer Decomposition

’Maxwell’

Electro-
Observer 1

=⇒ • Electric Field 1 ⇐⇒ • Magnetic Field 1

Magnetic ↓ v • ↑ −v (special) ←− m ’Lorentz’ m −→ (relativity)

Field
Observer 2

=⇒ • Electric Field 2 ⇐⇒ • Magnetic Field 2

’Maxwell’

• v = (constant) relative velocity
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Tensorial nature of physical wavefields (Einstein)

• Einstein: All macroscopic physical wavefields are tensorial in nature

• Tensor of rank p in R
N : p-dimensional array of length N × . . .×N

︸ ︷︷ ︸
p

• SUBSCRIPT NOTATION: (n = 1, . . . , N)

• x → xn : position vector (tensor of rank 1)

• ∂m = ∂/∂xm : spatial derivative (tensor of rank 1)

• ∂mxn = δm,n : Kronecker (unit) tensor (tensor of rank 2)

(• δm,n = 1 if m = n, • δm,n = 0 if m 6= n)

• SUMMATION CONVENTION (repeated subscripts):

• δp,nδn,q =
∑N

n=1 δp,nδn,q = δp,q

• δm,m =
∑N

m=1 δm,m = N
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EM field and source quantities

Intensive Extensive Source

field quantity field quantity quantity

’field strength’ ’flux density’ ’volume density of’

’current’

Electric Ek Dk Jk

Magnetic Hi,j = −Hj,i Bi,j = −Bj,i Ki,j = −Kj,i

’PRODUCT’ ’PRODUCT’

Sm = Hm,kEk Gi = Bi,jDj

area density of volume density of

EM power EM momentum

• {Hi,j, Bi,j,Ki,j} (anti-symmetric, rank 2)
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EM field equations and field/source compatibility relations

• WAVEFIELDS: • Changes in space ( ∂m = ∂/∂xm) counterbalance

• Changes in time ( ∂t = ∂/∂t)

EM field equations (Maxwell)

• ∂m Hm,k + ∂t Dk = Jk

• ∂i Ej − ∂j Ei + ∂t Bi,j = Ki,j

• FIELD/SOURCE COMPATIBILITY RELATIONS:

• ∂k∂mHm,k = ∂m∂kHm,k = −∂m∂kHk,m = - ∂k∂mHm,k = 0

=⇒ • ∂t(∂kDk) = ∂kJk

• ∂k(∂iEj − ∂jEi) + ∂i(∂jEk − ∂kEj) + ∂j(∂kEi − ∂iEk) = 0 (i 6= j 6= k)

=⇒ • ∂t(∂kBi,j + ∂iBj,k + ∂jBk,i) = ∂kKi,j + ∂iKj,k + ∂jKk,i (i 6= j 6= k)
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Volume densities of electric and magnetic charge

• VOLUME DENSITY OF ELECTRIC CHARGE:

• ρ = −∂−1
t ∂kJk (scalar)

=⇒ • ∂kDk = −ρ

• VOLUME DENSITY OF MAGNETIC CHARGE:

• σk,i,j = −∂−1
t (∂kK

−
i,j + ∂iK

−
j,k + ∂jK

−
k,i) (i 6= j 6= k)

(completely antisymmetric tensor of rank 3)

=⇒ • ∂kB
−
i,j + ∂iB

−
j,k + ∂jB

−
k,i = −σk,i,j (i 6= j 6= k)
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Causality, uniqueness of initial-value problem

• CAUSALITY (UNIQUENESS OF TIME EVOLUTION

= UNIQUENESS OF INITIAL-VALUE PROBLEM):

• EM field(x, t0) for x ∈ R
3 Field equations

=⇒ =⇒

EM field(x, t) for x ∈ R
3, t > t0 (uniquely)

• ’Maxwell’: # Equations 6= # Unknowns =⇒

• CONSTITUTIVE RELATIONS (simplest case):

• Dk= ǫ Ek ( ǫ = electric permittivity)

• Bi,j= µ Hi,j ( µ = magnetic permeability)

• =⇒ ’Maxwell’: # Equations = # Unknowns
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EM energy balance (local & global)

• EM ENERGY BALANCE (local & global over domain D):

EM field equations at (x, t)

• ∂m Hm,k + ∂t Dk = Jk Ek

• ∂i Ej] ∂j Ei + µ ∂t Hi,j = Ki,j Hi,j/2

• EM energy balance +

D

∂D

νx

• ∂mSm + ∂tw = P (local)

• Sm = Hm,kEk area density of EM power flow (Poynting vector)

• w = EkDk/2 +Hi,jBi,j/4 volume density of stored EM energy

• P = JkEk +Ki,jHi,j/2 volume density of EM power delivered by sources
’GAUSS’
=⇒ •

∫

∂D SmνmdA + ∂t
∫

D wdV =
∫

D PdV (global)
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Balance of EM momentum (local & global)

• BALANCE OF EM MOMENTUM (local & global over domain D):

EM field equations at (x, t)

• ∂m Hm,k + ∂t Dk = Jk Bi,k

• ∂i Ej − ∂j Ei + ∂t Bi,j = Ki,j Dj

• balance of EM momentum +

D

∂D

νx

• −∂iTi,j + ∂tGj = fj (local)

Ti,j = • Maxwell stress tensor (’EM radiation pressure’)

Gi = • volume density of EM momentum

fj = • volume density of force exerted by the sources
’GAUSS’
=⇒ • −

∫

∂D νiTi,jdA + ∂t
∫

DGjdV =
∫

D fjdV (global)
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Balance of EM momentum (continued)

• MAXWELL STRESS TENSOR:

• Ti,j = EiDj − (EkDk/2)δi,j −Hi,kBj,k + (Hm,kBm,k/4)δi,j

• VOLUME DENSITY OF EM MOMENTUM:

• Gi = Bi,jDj

• VOLUME DENSITY OF FORCE EXERTED BY THE SOURCES:

• fj = Bj,kJk +Kj,kDk − Ejρ +Hm,kσm,k,j/2
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Maxwell stress tensor (auxiliary relations Dk)

• MAXWELL STRESS TENSOR (AUXILIARY RELATIONS Dk):

• Dj(∂iEj − ∂jEi) =

∂i(EjDj/2)− ∂j(EiDj) + Ei∂jDj]

∂i(EjDj/2)− ∂j(EiDj) + Eiρ
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Maxwell stress tensor (auxiliary relations B−i,j)

• MAXWELL STRESS TENSOR (AUXILIARY RELATIONS B−i,j):

• B−
i,k∂mHm,k = ∂m(Bi,kHm,k)−Hm,k∂mBi,k

• Hm,k∂mBi,k Hm,k(−∂iBk,m − ∂kBm,i) + ∂−1
t (∂mKi,k + ∂iKk,m + ∂kKm,i)

∂i(Hm,kBm,k/2)−Bm,k∂kBm,i −Hm,kσm,i,k

= ∂i(Hm,kBm,k/2)−B−
m,k∂mBi,k −Hm,kσm,i,k

=⇒

• Bi,k∂mHm,k = ∂i(Hm,kBm,k/4)−Hm,kσm,i,k/2
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EM radiation from sources

• EM RADIATION FROM SOURCES:

EM field equations at (x, t)

• ∂mHm,k + ǫ ∂tEk = Jk µ ∂t

• ∂iEj − ∂jEi + µ ∂t Hi,j = Ki,j ⇑

• Elimination of H−
i,j + use of

• ∂kEk = ǫ−1∂−1
t (∂mJm) (compatibility relation) =⇒

• ELECTRIC-FIELD VECTOR WAVE EQUATION:

• (∂m∂m)Ek − c −2∂2
tEk = − Fk

• c = (ǫ µ)−1/2 (EM wavespeed)

• Fk = µ ∂tJk − ǫ−1∂−1
t ∂k(∂mJm)− ∂mKm,k
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The electric-field vector wave equation and its solution

• ELECTRIC-FIELD VECTOR WAVE EQUATION:

• (∂m∂m)Ek − c −2∂2
tEk = − Fk

= −δ(x, t)
(x)
∗

(t)
∗ Fk

• Fk = µ ∂tJk − ǫ−1∂−1
t ∂k(∂mJm)− ∂mKm,k

=⇒ SOLUTION:

• Ek = G
(x,t)
∗ Fk

• (∂m∂m)G− c −2∂2
tG = − δ(x, t)

• G =
δ(t− |x|/c)

4π|x|
for x 6= 0 (3D)

•
(x)
∗

(t)
∗ ∂m∂t = ∂m∂t

(x,t)
∗ ⇓
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The radiated field (vector and tensor potentials)

• THE RADIATED FIELD: (• Ek = G
(x)
∗

(t)
∗ Fk =⇒)

• Ek = µ ∂t Ak − ǫ−1∂−1
t ∂k∂m Am − ∂m Ψm,k

• Hi,j = ǫ ∂t Ψi,j - µ−1∂−1
t ∂m[∂m Ψi,j + ∂i Ψj,m + ∂j Ψm,i ]− ∂i Aj + +∂j Ai

• VECTOR POTENTIAL: • TENSOR POTENTIAL:

• Ak = G
(x)
∗

(t)
∗ Jk • Ψi,j = G

(x)
∗

(t)
∗ Ki,j

• SCALAR GREEN’S FUNCTION:

• G =
δ(t− |x|/c)

4π|x|
for x 6= 0 (3D)
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EM field reciprocity

• FIELD RECIPROCITY (interaction of two STATES):

Reciprocity (x ∈ D ∪ ∂D, t ∈ R)

State Field Medium Source

A EA
k , H

A
i,j ǫA, µA JA

k ,K
A
i,j

B EB
k , H

B
i,j ǫB, µB JB

k , K
B
i,j

D

∂D

νx
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Time-convolution EM field reciprocity (local)

• TIME-CONVOLUTION FIELD RECIPROCITY:

State EM field equations (x ∈ D ∪ ∂D, t ∈ R)

A • ∂mH
A
m,k(t) + ǫA∂tE

A
k (t) = JA

k (t)
(t)
∗ EB

k (t)

B • ∂iE
B
j (t)− ∂jE

B
i (t) + µB∂tH

B
i,j(t) = KB

i,j(t)
(t)
∗ HA

i,j(t)/2

• − A ⇋ B

• LOCAL:

• ∂m[ H
A
m,k(t)

(t)
∗ EB

k (t)−HB
m,k(t)

(t)
∗ EA

k (t) ] +

∂t( ǫ
A − ǫB )EA

k (t)
(t)
∗ EB

k (t) + ∂t( µ
B − µA )HB

i,j(t)
(t)
∗ HA

i,j(t)/2 =

JA
k (t)

(t)
∗ EB

k (t) +KB
i,j(t)

(t)
∗ HA

i,j(t)/2− JB
k (t)

(t)
∗ EA

k (t)−KA
i,j(t)

(t)
∗ HB

i,j(t)/2
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Time-convolution EM field reciprocity (global)

• TIME-CONVOLUTION FIELD RECIPROCITY:

D

∂D

νx

• GLOBAL: (’GAUSS’)

•

∫

∂D

νm[ H
A
m,k(t)

(t)
∗ EB

k (t)−HB
m,k(t)

(t)
∗ EA

k (t) ]dA +
∫

D

{( ǫA − ǫB )∂t[E
A
k (t)

(t)
∗ EB

k (t)] + ( µB − µA )∂t[H
B
i,j(t)

(t)
∗ HA

i,j(t)]/2}dV =
∫

D

[JA
k (t)

(t)
∗ EB

k (t) +KB
i,j(t)

(t)
∗ HA

i,j(t)/2− JB
k (t)

(t)
∗ EA

k (t)−KA
i,j(t)

(t)
∗ HB

i,j(t)/2]dV
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Time-correlation EM field reciprocity (local)

• TIME-CORRELATION FIELD RECIPROCITY:

State EM field equations (x ∈ D ∪ ∂D, t ∈ R)

A • ∂mH
A
m,k(t) + ǫA∂tE

A
k (t) = JA

k (t)
(t)
∗ EB

k (−t)

B • ∂iE
B
j (−t)− ∂jE

B
i (−t)− µB∂tH

B
i,j(−t) = K−;B

i,j (−t)
(t)
∗ HA

i,j(t)/2

• + A ⇋ B

• LOCAL:

• ∂m[ H
A
m,k(t)

(t)
∗ EB

j (−t) +HB
m,k(−t)

(t)
∗ EA

j (t) ] +

( ǫA − ǫB )∂t[E
A
j (t)

(t)
∗ EB

j (−t)] + ( µA − µB )∂t[H
B
i,j(−t)

(t)
∗ HA

i,j(t)]/2 =

JA
k (t)

(t)
∗ EB

k (−t) +KB
i,j(−t)

(t)
∗ HA

i,j(t)/2 +

JB
k (−t)

(t)
∗ EA

k (t) +KA
i,j(t)

(t)
∗ HB

i,j(−t)/2
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Time-correlation EM field reciprocity (global)

• TIME-CORRELATION FIELD RECIPROCITY:

D

∂D

νx

• GLOBAL: (’GAUSS’)

•

∫

∂D

νm[ H
A
m,k(t)

(t)
∗ EB

j (−t) +HB
m,k(−t)

(t)
∗ EA

j (t) ]dA +
∫

D

[( ǫA − ǫB )∂t[E
A
j (t)

(t)
∗ EB

j (−t)] + ( µA − µB )∂t[H
B
i,j(−t)

(t)
∗ HA

i,j(t)/2]dV =
∫

D

[JA
k (t)

(t)
∗ EB

k (−t) +KB
i,j(−t)

(t)
∗ HA

i,j(t)/2 +

JB
k (−t)

(t)
∗ EA

k (t) +KA
i,j(t)

(t)
∗ HB

i,j(−t)/2]dV
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Lorentz transformation (covariance criterion)

• LORENTZ TRANSFORMATION (COVARIANCE CRITERION) :

xµ = xµ

xN = α(xN − wNt)

t = γ xN + α t

=⇒

∂µ = ∂µ

∂N = α ∂N + γ ∂t

∂t = α ∂t − α wN ∂N

• {α, γ} follow from:

• EM field equations O(x, t)

• Compatibility relations O(x, t)

• {ǫ, µ}

⇐⇒

⇐⇒

• EM field equations O(x, t)

• Compatibility relations O(x, t)

• {ǫ, µ}
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Lorentz transformation (space, time, field & source quantities)

• LORENTZ

• TRANSFORMATION :

Space & Time

xµ = xµ

xN = α(xN − wNt)

t = α(t− wNxN/c
2)

α = (1− w2
N/c

2)−1/2

c = (ǫ µ)−1/2

Field quantities

Eµ = α(Eµ +Bµ,NwN)

EN = EN

Hµ,ν = Hµ,ν

Hµ,N = α(Hµ,N +DµwN)

Source quantities

Jµ = Jµ

JN = α(JN + ρwN)

ρ = α(ρ + ǫ µJNwN )

Kµ,ν = α(Kµ,ν + σµ,ν,NwN)

Kµ,N = Kµ,N

σµ,ν,N = α(σµ,ν,N + ǫ µKµ,νwN )

ǫ µJNwN

ǫ µKµ,νwN

Relativistic

corrections

to Reynolds’

transport

theorem
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Conclusion

• FULL TENSORIAL EM THEORY:

• Involves only elementary mathematics (∂m∂n = ∂n∂m,
(t)
∗ ,

(x)
∗ )

• Does away with standard VECTOR CALCULUS

• Does away with the condition of RIGHT-HANDEDNESS in orientation

of spatial reference frame

• Reformulates the notion of the ’MAGNETIC MONOPOLE’ (= tensor of rank 3)

• Considers SpaceTime as an ’affine’ space (not a ’metric’ space) =⇒

4D LORENTZ ’METRIC’

• Has implications for ’string theory’ (Dirac) in quantum electrodynamics

(no ’vector potential’ as the basic ingredient)

• Maps straightforwardly on ’array’ handling in computational electromagnetics


