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Synopsis:
e Preliminaries (tensors, subscript notation, summation convention)
e Elastodynamic wave field and source quantities
e Elastodynamic wave field equations
e Elastodynamic constitutive relations
e Elastic waves radiated by sources, elastodynamic Green's tensors
e Elastodynamic scattering theory (contrast-source formulation)
e The elastodynamic inverse source (imaging) problem
e The elastodynamic inverse scatterer constitution problem

e Elastodynamic wave field computation (space-time integrated field equations)
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e Observational spacetime: R>xR
e Position: z € R’

e (Elapsed) time: t € R

e Tensor subscript notation x: z,, (m =1,2,3)
e Spatial differentiation 0/0x,,: 0, (m =1,2,3)
e Temporal differentiation 0/0t: 9, (reserved symbol)

e Kronecker unit tensor 0,,,: 0y, = 1form =mn, 0, =0 form # n

 Summation convention (repeated subscripts): 6,,0,0 =51 0004 = Opg

e Examples: o 0,2, =0,,,, ® Oy =3
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Tensors, subscript notation, summation convention
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e Elastodynamic unit tensors of rank four:

- 5 A
.AZ]Z)Q .A,%pq .Ad,pq

e Symmetrical unit tensor: A = (0;,0;4 + 0i¢0jp)/2

. . 0 .
e Diagonal unit tensor: A, == 0;;0,,/3

PSR A _ A+ 5

e Deviatoric unit tensor: A7, =A7  — A7,
e Properties:

5 5 _AS A A _ AA
.AJmnAm”pq A,%pq .AJmnAm”pq A,%pq
o A0 AL =0 o A2 A0 =0

1,7,m,n—"m,n,p,q

1,7,m,n—"m,n,p,q

e —> MUTUALLY ORTHOGONAL UNIT TENSORS!

.

Elastodynamic unit tensors of rank four

[DeHoop, A. T., Abubakar, A., Habashy, T. M., JASA, 126 (2009) 10905 1100] )
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Elastodynamic field and source quantities
e —7,, (= —7,,) : — dynamic stress intensive!!
° v, . particle velocity field quantities
e —¢;; (= —ej;) : — dynamic strain extensive!?
o O, : mass flow density field quantities
o [} : volume density of force source
o h;i(=h,,) : volume density of deformation rate|quantities

o UArea density of power flow:

elast _ A+ -
= Sm T Am,p,c],7’7_p,qv7“ o Tm,q?}q

e 2lWVolume density of wave momentum:

elast __ == o - .D .
o G =—Ar. ;P = —ey ;P

/

n,i,7,
\ 05

Elastodynamic field and source quantities, power flow, wave momentum
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e WAVEFIELDS:

e Changes in space ( 8,, = 3/0x,,) counterbalance
e Changes in time ( 9; = 3/0t)

Elastodynamic wave equations

o AT

Z7j7n7r

On Uy — B¢ €5 =hi;

equation of motion

deformation rate equation

e Constitutive relations (linear, time-invariant, causal, locally reacting):

(1)

o Op(x,t) =|ppr(x,t)| * v(x,t) o pp,(x,t) =0 for t <0 (causality)
t
e p.,(x,t) = inertia relaxation function (*) = time convolution
t
® Bi’j<$, t) = Si,j,p,q<w7 t) (*) Tp’q<CL‘, t) ® Sr&"j,p,q<w, t) —0fort <0 (Causality)

e S, ipqx,t) = compliance relaxation function
\ [De Hoop, A. T., Handbook of Radiation and Scattering of Waves, 199056, 2008] /

Elastodynamic wave equations, constitutive relations
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MATERIAL PROPERTIES

e Lossless (instantaneously reacting)
o1 (@) = i (@) 30
Sijpa(®, ) = Sijpg(@) 0(t)
e Homogeneous (spatially shift invariant)
Prr(T, 1) = pr()
Sijpa(X,t) = Sijpa(t)

e Isotropic (orientation invariant)

pk,r<w7 t) — /0(337 t) 6]@7“
Sz-,j,p,q(:z:, t) = 35(:3, t) Aé : -+ SA<$, t) AA

1,J,0,q

N o

Material properties
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ELASTIC TENSOR PARTITIONING

e Dynamic stress (dynamic strain: 7,, = ¢, )

Tpg = [Tp,q]+ — [Tp,qP + [Tp,q]A

o
o [1p4" _A;_Q”L] = (Tpq + Tap)/2

¢ :Tp,q: Ag U = (71,1/3)0pq

° :Tp,q: Aﬁq ijTig = A;rq i Ag i g7 = (Tpg + Tap) /2 — (T1/3)0p4

e Compliance

. .5 .. 0,0 .. 57A t T 0
) [[]] .8) = [[[sz,j,p,qf&,é [[SW]]A,A] _— [[ ]] .8

= Sijpal  Sijpa [7p.d]

\ [DeHoop, A. T., Abubakar, A., Habashy, T. M., JASA, 126 (2009) 1095-1100] /
08

Elastic tensor partitioning
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ELASTIC WAVE PROPAGATION

propagator . . . :
e General structure: [source  —  receiver (intensive field)

[F)(@.t) = [y o [ (0. S 2. 0) ¥ Q) (@, )V ()

Field Green’s tensor Sources
— [Tp,q]5 [Gp,q,k](S [Gp,q,i,j](s’a [Gp,q,i,j]é’A Ji
¢ [F] = | = [Tp,q]A ¢ [G] — [Gp,q,k]A [Gp,q,i,j]A’é [Gp,q,i,j]A’A ¢ [Q] = [hi,j](s
oo (G G (Gl [h]” ]

\ [DeHoop, A. T., Abubakar, A., Habashy, T. M., JASA, 126 (2009) 1095-1100] /
09

Elastic wave propagation, Green's tensor (propagator)
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e Total field support
Wave field —Tp.qs Ur R? R3
Actual medium | p.r, Siipg R? ingident N\ P seatierea
Sources fi-hi;, |D'CR’
e Incident field support
Wave field —T]i?’q, V! R3 D* = supp(pr,r — P},,) U SUPP(Sivjipa — SLjp.q)
Background medium pZ’T,SEj’p’q RS
Sources fi-hiy |D'CR SCATTERED FIELD =
e Scattered field support TOTAL FIELD —
Wave field Ty U R° INCIDENT FIELD
Background medium pZ}T,SEj’p’q RS
Sources Jihii| 1P| C R3
N o
Scattering configuration
Delft University of Technology © 2010 Laboratory of Electromagnetic Research
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SCATTERED FIELD = TOTAL FIELD — INCIDENT FIELD

e Total field
N (t) i
_Ak: M., qamTpaq + Pk ¥ 8{UT — fk
(t) '
A:—] n 7"871/07’ — Si,j,p,q * atTp,q — h;J

e Incident field

(t
+ b A
AZ] m’@ S’qu apr,q — hi,j

e Scattered field

e Contrast sources

(1)

_AZm,p qﬁm D.q + pk:r * atv — fk ¢ fli - (pk,r — p];z?r) * (9th
S S (t)
\ Aj]ma Sloqu * OiTpg = iy o hij= (Sijpg — Sloqu) * Ty
11
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Scattering problem (contrast source formulation)
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FORWARD/DIRECT SCATTERING PROBLEM

olnput medium: {,Okr, @]pq} baCkground {pkra szq}

irradiating sources: {fi, h!

e Output: incident field: {

pq,v} scattered field: {—75 , v}}

G)(p", SP x, x' t) [QIS} (', t)dV (x')

o [FV](w,t)= fa:’esupp(Qi’S) |
[ fil_
hi,j _(Sz',j,pq Sloqu

) *

 [{2, 1) € {supp(1Q7))

R}

(1)

—(Prr — 1027’> * 6@1 +v})
(915(7' ‘|—qu)

(t)

—

integral equation of the 2nd kind

in [F|(x,t)|{z.neswpe)ry of in [Q(@, )| (z e (supp(@7) R}

.

12 /

Forward/Direct scattering problem (integral-equation formulation)
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INVERSE SOURCE (IMAGING) PROBLEM

e Input: background medium: {pZT,Sﬁj’p’q} - irradiating sources: {f,;,h;]} ;

support(scatterer): D° ; observational domain: D% ¢ D* ;
incident wave field: [FJ(z, )z e(RIR) §

scattered wave field: [F5(x,1)|(g neipory (data)
e Desired output: scattering sources: |Q°|(x,?)|(z1}cfpsr} (model)

e MODEL/DATA EQUATION:

o (@) = [y (G107 S 2 ) % [Q7) (2 )V (@)

. Lto b
NOTE: e [F°|(z,t)|ipnepory — Q7 (@, 0)]{zne(psR)

\ Q] (@, V)| (. ye(ps Ry = Q7™ (2,t)|{znefps k) (Minimum norm solution) J
13

Inverse source (Imaging) problem
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INVERSE SCATTERER CONSTITUTION PROBLEM

e Input: background medium: {pZT,S;fj’p’q} - irradiating sources: {f,;,h;]} ;

support(scatterer): D° ; observational domain: D% ¢ D* ;
incident wave field: [FJ(z, )z e(RIR) §

scattered wave field: [F5(x,1)|(g neipory (data)

o Desired output: scattering sources: |Q°|(x,?)|(z1}cfpsr} (model) =

(X (x,t) = {pr, — pzr, Siipa — St ipat (@ V)| (zyeipsry (object contrast)

S (t) 5 xcD"
o (@ t) = [ oo i (G, S" 2, 0) ¥ (@) (2 )V (@) |22
e MODEL/DATA EQUATION: = [Q°]™(z,t)|(z.cipsr)
(= minimum norm solution) = |F*| (x,1)|(5 1e(r R} J
14

Inverse scatterer constitution problem
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OBJECT EQUATION

e Object equation:

(1)

o [ (@, 1) = [X](m,1) * [[F] (x,t)+ [F](z,0)] for {=,1} € {D",R}

o [ X]|(x,t)= {pr,— ,02’7“, Sivipa — Stjpat (€,1)|{z11efpsry ((object contrast )

e Object equation (properties):

e pointwise equation highly unstable

e reconstructed contrast parameters may be outside physical range
e ‘Remedies’ (?):

e replace object equation with (some?) minimum norm solution

e put bounds on parameter values (e.g., via

XmaX

— X

for Xmin < X < Xmax
X = Xmin
\ and use X[OO] to evaluate X[OO])

X —XxX=DB log[

15 J

Inverse scatterer constitution problem (continued)
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WAVEFIELD MODELING
(ANALYTICAL TOOLS)

1 /

Wavefield modeling (analytical tools)
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TIME LAPLACE TRANSFORMATION (CAUSAL FUNCTIONS)

e Causality condition:

o supplu(z,t)) = T ={t e R, tp <t < oo}
e Time Laplace transformation:

o U(x,s) = / exp(—st)u(x,t)dt for s € L

te T

o L ={seR,s=sy+nh,s9>0,h>0,n=0,1,2,...} ( Lerch sequence )

e Properties:
. 1—to—1
o U(x,s)|ser = u(x, t)|er

e 5 u(x,s) <= 0 u(xz,1)

o U(x,s) v(x,s) < u(x,t) Y v(x,t) [(i) = time convolution]

\ e Application: analysis and synthesis of linear, time-invariant, causal systems /
17

Time Laplace transformation (causal functions)
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THE POWER EXPONENTIAL PULSE

e Pulse shape:

10 (L) o (1)

e Parameters:
e pulse amplitude A = f(t,)

e pulse rise time ¢, [0.f(t;) = (]
I’ 1 >
e pulse time width ¢, =1t v 1_1 ) exp(v) [A ty = / f(t)dt]
vy t=0

e Time Laplace transform:

po v+1) exp(v)
I = AT T

[I'(+) = Euler gamma function|

N N

The power exponential pulse (a convenient excitation function)
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POWER EXPONENTIAL PULSES:

0.5r

Power Exponential Pulse

n =1

to/t: =2.7183

_17 |
2 4 6 8 10
t/ty
The power exponential pulse
Delft University of Technology (© 2010 Laboratory of Electromagnetic Research
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SPATIAL WAVENUMBER REPRESENTATION

e Spatial wavenumber representation:

1\ 3
o U(x,s) = ( ) /k . exp(—iky,z.,) U(k, s) dk for € R’
S

o
e Properties:

~ 1—to—1 .
¢ u(’cas)‘kd@ <~ u<w>5)|weR3
o —ik, u(k,s) <= 0, u(x,s)
(f) )

o U(k,s) v(k,s) <= u(x,s) x v(x,s) [(>|< — spatial convolution]

e Application:

analysis of wave motion in linear, time-invariant, shift-invariant configurations

1\ 3
e Dirac delta distribution: e §(x) = <2—) / exp(—iky,x,)dk
n kcR3

2 /

Spatial wavenumber representation
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SPATIAL WAVE SLOWNESS REPRESENTATION

e Spatial wave slowness representation:
R S
o U(x,s) = (

3
_> / exp(—isa,x,) (o, s) da for a € R} seR,s>0
e Properties:

~ 1—to—1 .
¢ u(a73)|aeR3 <~ u<w75)|meR3
o —isa, u(a,s) <= O, u(x,s)

()

N i 5 il o) PO G ) s o)

* = spatial convolution]
e Application:

Cagniard-like methods (e.g., waves in layered media)

3
o Dirac delta distribution: e §(a) = (Qi) / exp(—isazy)da
n acR3

21 /

Spatial wave slowness representation
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GREEN’S FUNCTION (DISSIPATIVE SCALAR WAVE EQUATION)

e Dissipative scalar wave equation:
1
® 0,,0,G — g(oz + ) (B + )G = —d(x,t)

e Spatial wavenumber representation:

3
o Gz, s) = <%> /k » exp(—ikmzm) G(k, s) dk with
~ 1
* (ER - kmkm + (s + a)(s+ 8)/c?

e Space time Green’s function:
U1<&7 57 ‘Q3|/C, t)

o G(x,s) = e o Ui(a, B, T,t) = exp|—(ax + B)t/2] x
oty + =2l [0 - alf2ye 1] L are — 1

\ [De Hoop, A. T., Handbook of Radiation and Scattering of Waves, 1995, 2008] /
22

Green’s function of the dissipative scalar wave equation
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PARTICLE VELOCITY WAVE EQUATION

e For homogeneous, isotropic, perfectly elastic solid:
o ([T i)’ + [Tmk)®) + pOvr = fi
o [0v]" = S° A j° = i)
o [Oiw))® — 5% Oifrij)® = [hi]®
e Particle velocity wave equation:
o (ch — %) OpOpvm + 5 0pnOpuy — 0Py, =

p_latfk - (Psé)_lﬁm[hm,k]é - (pSA)_lam[hm,k](S
e P-wave speed: e S-wave speed:

(280 4 52\ 1\
=\ "3,5055 =\ 2p55

For further details, see
\ [De Hoop, A. T., Handbook of Radiation and Scattering of Waves, 1995, 2008]

/

23
The particle velocity wave equation
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WAVEFIELD MODELING
(COMPUTATIONAL TOOLS)

24 /

Wavefield modeling (computational tools)
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THE SPACE-TIME INTEGRATED FIELD EQUATIONS

e General form:

/dt/ [LHS] dV (x /dt/ [RHS] dV ()
teT xeD teT xeD

e Ingredients (domain of computation):

o[Bepﬁm[---]dV(w):/weapum[---]d‘/(w) (3D Gauss )
o | orkelat= bl (11D Gas)

e implementation on simplicial grid —-

o /:ceD e ]dV(x) 2 [0 ], /a:eD dV(x) ( Linear interpolation over D )

e constitutive coefficients constant over DX T

12

e ]aV/ dt  ( Linear interpolation over T )
teT

25 J

The space-time integrated field equations
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THE SPACE-TIME INTEGRATED FIELD EQUATIONS

e Properties:

maxdiam(D) | 0 and maxdiam(7) J 0
e Perfectly matched embedding:

1
" XnlTn, S

In

o Xo(n,5) = /5 " Rl 506, (n=1,2.3)

o Yulzy,s)=1for n=1,23; x €D

\_ 88-109]

e Discretized system of equations contains only quantities that are continuous

across interfaces of spatial (jump) discontinuities in material

e For differentiable fields the procedure converges to exact solution as

[De Hoop, Remis, Van den Berg, Journal of Computational Physics, 221 (2007) pp.

Time-dependent, causal

Cartesian coordinate

stretching

/

26

The space-time integrated field equations (continued)
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THE PERFECTLY MATCHED EMBEDDING

e Periodic boundary conditions:

e FIELD(x,, + L,,) = FIELD(z,,) (m =1,2,3)
Boundary

_________________________

! 1

; Matched !

I 0
u: 'o
. S .3

o IQ_
o' © o,

i, D g -
L Q-
P S| m 9 | ame
o' Q. >

I @ .©
Q.: 1=

: D] -

! 1

[De Hoop, Remis, Van den Berg, Journal of Computational Physics, 221 (2007) pp.

88-105]
N o

The perfectly matched embedding
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THANK YOU !
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Thank you
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APPENDIX
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Appendix
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SPACE-TIME MODEL/DATA EQUATION

e Configuration:

e D® = supp(model) C R?
e D% = supp(data) C R?
e m(x,t) € D° xR (model)
e d(z,t) € D" xR (data)

} e DN D* = () (‘remote sensing’)

} o {D° x R} LN {D" x R} (linear operator)

RS

L ?
o e Model/data equation: ed=Lm| d——m

\ 101 /

Space-time model/data equation
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‘SOLVING’ MODEL/DATA EQUATION

Model/data equation: ¢ d = Lm for {x,t} ¢ {D* R} = d L m
Iterative ‘solution’ (computational procedure):

em € {mlY ml mlZ .}, ml% =0 (sequence of models)
eril=d—-Lm!!fori=0,1,2,... 7% =d (r = residual)

e (-, +) symmetric inner product in (functional) Hilbert space

Mismatch error: o ERR! = (vll 21y = |2 (|-] = norm > 0)
Improvement condition: FRR < ERR fori=0,1,2,...

Model update: ¢ m!t! = mll + sml!l fori =0,1,2,...
—> improved model

10’\ J

£

‘Solving’ model/data equation
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‘SOLVING’ MODEL/DATA EQUATION

o ERR"™ = ERR — 2(Lsm!", W> + |Lom!)?
— FRR!" — <5m L*p! > — ||L5m ||2 (L* = adjoint to L)

Steepest descent: o ém!! = alIL*rl

| il 2 | TR |

T L i+1] g LT i

o ”LL* Z'IIQ — o ERR ERR L < ERR —
.{ } converges [OO

?
o L'L m/™~l = L*d| BUT oL ml>® =d| NO!

De Hoop, M. V., De Hoop, A. T., Proceedings of the Royal Society of London,

Series A, 456 (2000) pp. 641-682.

/
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‘Solving’ model/data equation (continued)
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