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[1] The canonical problem of edge diffraction of transient P or SV waves by a perfect-slip
(fluid-filled) fracture is investigated. Closed-form analytic expressions for the time domain
particle velocities of the reflected, transmitted, and converted waves on either side of the
fracture, for the cylindrical edge-diffracted waves, and for the excited Rayleigh surface
waves along the plane of the fracture are obtained. The hosting solid is taken to be
homogeneous, isotropic, and dispersive. As to the seismic loss mechanism, two cases
are considered: the frictional force/bulk viscosity mechanism and the standard linear solid
or Zener mechanism. Numerical illustrations of the different wave constituents are
presented, including those applying to postcritical incidence of SV waves. They deal with
the case of a well-developed, stationary fracture; the significance of the results to the
theory of fracture mechanics with a view to the problem of a transient load at a crack face
is briefly indicated. INDEX TERMS: 5112 Physical Properties of Rocks: Microstructure; 5144 Physical

Properties of Rocks: Wave attenuation; 7260 Seismology: Theory and modeling; 3210 Mathematical

Geophysics: Modeling; KEYWORDS: wave attenuation, cracks, edge diffraction

Citation: de Hoop, A. T., and M. V. de Hoop, Transient elastic P and SV wave edge diffraction by a semi-infinite perfect-slip fracture
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1. Introduction

[2] In analyzing the phenomenology of elastic wave
propagation in fractured rock one of the methodologies
consists of trying to understand the wave properties as the
outcome of the multiple scattering by a (large) number of
individual fractures. In such considerations the scattering
properties of a single fracture, or rather the diffraction
properties of each individual edge of it, serve as building
blocks in the further analysis, and for the theory to be
successful the knowledge of these properties in a manage-
able, preferably analytic, form is an indispensable prereq-
uisite [see, e.g., Sih and Loeber, 1969]. As far as elastic
wave scattering is concerned even the simplest configura-
tion of a planar fracture of bounded extent, present in an
otherwise homogeneous, isotropic host material, gives
already rise to the formation of a number of scattered wave
constituents. First of all, an incident wave of the P- or S-
type (with the S wave decomposed into an SH wave with
particle velocity parallel to the edge of the fracture and an
SV wave with particle velocity in the plane perpendicular to
the edge of the fracture) hitting the plane of the fracture
gives rise to partially reflected and partially transmitted
waves, converted waves, and surface waves. Furthermore,

each edge of the fracture gives rise to diffracted waves.
Multiple interactions with this degree of complexity can in
practice only be handled via computational methods and/or
methods of statistical physics, organized about the canonical
problem of the scattering by a constituting individual
fracture.
[3] A canonical problem of this kind also underlies other

applications in geophysics. For example, in wave field
imaging and inversion the availability of analytic expres-
sions for the scattered wave constituents enables one to
carry out a sensitivity analysis as to design of a data
acquisition setup as well as a feasibility study with regard
to the performance of the imaging or inversion algorithm
employed. For example, a (volumetric) Born imaging inver-
sion will poorly detect a (nonvolumetric) crack-like flaw as
opposed to a Kirchhoff imaging inversion procedure [Kita-
hara and Nakahata, 2003]). Furthermore, for cases of such
complexity that numerical techniques are the only approach,
canonical configurations serve as a benchmark for the
accuracy and the possible limitations of the discretization
procedures used. Still another type of application where a
canonical configuration acts as a useful tool is the carrying
out of controlled laboratory experiments. In fact, our study
was started in direct relationship to such a case, where
hydraulic fracture growth in a piece of rock was monitored
while irradiating the fracture with an ultrasonic wave and
measuring the scattered wave field. Here, the model data for
a known fracture were used to calibrate the wave field
transmitted by the transducer. (For an associated field experi-
ment, see Aki and Fehler [1982].) In a more theoretical
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setting analytically known expressions for scattered wave
constituents form the basis for the incorporation of the
relevant edge diffraction coefficients in the ray asymptotic
treatment of elastic wave scattering [Achenbach et al., 1982].
[4] The canonical problem addressed in this paper is the

diffraction of plane, transient, P or SV waves by a semi-
infinite, planar, perfect-slip fracture in a homogeneous,
isotropic solid (for a related problem, see Gu et al.
[1996]). The incident wave models the teleseismic body
wave originating far from the edge of the fracture. The
perfect-slip condition at the faces of the fracture models the
case of fluid-filled fracture (which could be a (microscopic)
part of a fault zone). An additional feature that we take into
account is seismic loss in the solid host material. First, the
edge diffraction problem in a lossless medium is solved
with the aid of the combination of the modified Cagniard
method for analyzing the transient wave motion in layered
media and the Wiener-Hopf or ‘‘factorization’’ method that
has previously been used to solve the corresponding prob-
lems for a semi-infinite rigid baffle and a semi-infinite
traction-free (void) crack. In the analysis the complex
slowness plane representation of the scattered waves plays
a crucial role. The importance of this representation lies in
the circumstance that each physical scattered wave constit-
uent is associated with a particular singularity (pole, branch
point) in this plane. Next, the influence of losses in the solid
is taken into account by applying a ‘‘correspondence
theorem’’ [Chao and Achenbach, 1964; De Hoop, 1995b]
that relates the wave motion in the lossless case to the one in
a medium with a particular loss mechanism via the use of
the Schouten-Van der Pol theorem of the time Laplace
transformation. The cases that we consider are: the Fric-
tional force/bulk viscosity loss mechanism and the standard
linear solid (Zener) creep relaxation loss mechanism [Car-
cione, 2001; Mainardi, 2002]. The latter has also been
extensively used in seismology [Liu et al., 1976]. Both
mechanisms define a causal reaction between stress and
strain and therefore satisfy, in the frequency domain, auto-
matically the Kramers-Kronig causality relations, while
yielding the associated frequency domain dispersion and
attenuation properties of the wave motion involved. Thus
we follow the approach of using effective macroscopic
relaxation functions without specifying the micromechani-
cal phenomena that cause the attenuation. (For a correlation
between velocity dispersion in saturated porous rocks and
viscous interaction between solid and fluid phases, see
Winkler [1985, 1986].)
[5] For the two-dimensional problem under consideration

the elastic wave motion decomposes into an SH wave with
particle velocity parallel to the edge of the fracture and a
combined P-SV wave with particle velocity in the plane
perpendicular to the edge of the fracture. The SH case leads
to a simple scalar problem and is not reconsidered here. (In
fact, it is mathematically the same as for the traction-free
fracture.) Only the change in pulse shape due to the
presence of either of the two loss mechanisms is reported
for this case. The P-SV case is considered in detail, both for
the lossless case and for either of the two loss mechanisms.
Prior to solving the diffraction problem, a spatial symmetry
analysis is carried out where the total wave motion is
decomposed into an ‘‘odd’’ and an ‘‘even’’ part (with
respect to the plane of the fracture). Such an analysis shows

how the solution to the fluid-filled fracture problem is
related to (part of) the one for the void fracture. The results
for the fluid-filled fracture differ, however, fundamentally
from the ones for the traction-free case and are therefore
fully discussed, one of the major differences being that the
traction-free fracture admits no elastodynamic power flow
across the plane of the fracture, while the fluid-filled
fracture partially reflects and partially transmits elastody-
namic energy.
[6] Studies in the literature on scattering and diffraction

by fluid-filled fractures, numerical as well as analytical ones
(including those of a ray asymptotic nature) mostly concern
themselves with time harmonic waves [Fehler and Aki,
1978; Achenbach et al., 1978; Visscher, 1981; Coutant,
1989]. For experimental results, see, for example, Pyrak-
Nolte et al. [1990]. The present analysis directly addresses
the time domain wave motion.
[7] Transient plane P wave diffraction by a void crack of

finite width has been studied by Thau and Lu [1971]
through an iteration scheme of successive edge diffraction
interactions. Up to two P wave transits across the crack
width, they show to be manageable with the combined
(iterative) Wiener-Hopf technique and the modified Cag-
niard method. In the corresponding finite time window they
determine the dynamic stress intensity factors.
[8] Although we restrict our considerations to the dif-

fraction by a well-developed, stationary, fracture, the meth-
odology is also directly applicable to the theory of transient
loading at a crack face. For this type of application the
expressions for the stress components are needed. These
admit representations of the same type as the ones for the
particle velocity that we do employ. How the relevant
correspondence is made is discussed in detail by Freund
[1998]. A related application is the crack tip propagation (at
an assumed constant speed) in an already cracked brittle
material induced by a normally incident plane P wave (see
Achenbach and Nuismer, [1971] and Freund [1998, chapter
6] for the relevant theory and Ravichandran and Clifton
[1989] for experiments in this respect).

2. Formulation of the Problem

[9] Position in three-dimensional configuration space R
3

is specified by the coordinates {x1, x2, x3} with respect to an
orthogonal Cartesian reference frame with the origin O and
the three mutually perpendicular base vectors {i1, i2, i3} of
unit length each. The subscript notation for Cartesian
vectors and tensors is used and the summation convention
applies. Latin subscripts are used for this purpose; they run
through the values 1, 2, 3. Wherever appropriate x denotes
vectorial position. The time coordinate is t. Partial differ-
entiation with respect to xm is denoted by @m; @t is a
reserved symbol for differentiation with respect to time.
Time convolution is indicated by t

*.
[10] The fracture occupies the domain � = {(x1, x2, x3) j

0 < x1 < 1, ÿ1 < x2 < 1, x3 = 0} (see Figure 1). The
hosting solid is homogeneous and isotropic with volume
density of mass r, compliance

Sijpq ¼ �dijdpq þ 2M�ijpq; � ¼ ÿ
l

3lþ 2mð Þ 2m
; M ¼

1

4m
;

ð1Þ
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global inertia relaxation function f = f(t), global com-
pliance relaxation function y = y(t), where l and m are the
Lamé coefficients, and

�ijpq ¼
1

2
dipdjq þ diqdjp
ÿ �

ð2Þ

is the symmetrical unit tensor of rank four, and dij is the
Kronecker tensor. The relaxation functions satisfy the
causality condition f(t) = 0 for t < 0 and y(t) = 0 for t < 0.
For a perfectly elastic (i.e., instantaneously reacting) solid,
f(t) = d(t) and y(t) = d(t).

2.1. Elastic Wave Motion in the Configuration

[11] In the interior of the solid, the particle velocity vr =
vr(x, t) and the dynamic stress tpq = tpq(x, t) satisfy the first-
order coupled elastic wave equations

ÿ�kmpq@mtpq þ r@t f t

*vk

� �
¼ fk ; ð3Þ

�ijnr@nvr ÿ Sijpq@t y t

*tpq

� �
¼ hij; ð4Þ

where fk = fk(x, t) is the volume source density of force and
hij = hij(x, t) is the volume source density of deformation
rate.

2.2. Boundary Conditions

[12] The fluid-filled fracture is assumed to be station-
ary. Its action is modeled by the perfect-slip boundary
conditions

limx3#0 t13; t23f g ¼ 0; limx3"0 t13; t23f g ¼ 0 on �; ð5Þ

limx3#0 t33 ¼ limx3"0 t33; limx3#0 v3 ¼ limx3"0 v3 on �; ð6Þ

i.e., on either face of the fracture the tangential components
of the dynamic traction vanish, while the normal component
of the dynamic traction and the normal component of the
particle velocity are continuous across the fracture. (In the
case of a void fracture all components of the dynamic

traction vanish on both faces, while all components of the
particle velocity do jump.)

2.3. Excitation

[13] The configuration is excited by an incident plane P
or SV wave, propagating in the {x1, x3} plane perpendicular
to the edge of the fracture. Its particle velocity component
parallel to the edge of the fracture vanishes. Its wave field
components are indicated by the superscript i. The incident
wave is assumed to hit the edge of the fracture at t = 0 and
has the signature qP,S(t) for P and SV waves, respectively;
qP,S(t) = 0 for t < 0.
[14] The total wave motion is the superposition of the

incident wave and the scattered wave whose components
are indicated by the superscript s. Because of the uniformity
of the medium as well as the fracture in the x2 direction, and
the isotropy of the solid, the wave diffraction problem is
then two-dimensional in nature and independent of x2. As a
consequence, the SH wave is decoupled from the P-SV
waves.

2.4. Symmetry Considerations

[15] Upon decomposing the wave field into an even and
an odd part with respect to the symmetry plane {x3 = 0} and
invoking the explicit boundary conditions at the fracture
together with the continuity conditions across it, it follows
from the relevant reflection symmetry considerations that
the scattered wave field has a vanishing even part, whence
only an odd constituent remains [De Hoop, 1995a]. Using
Greek subscripts, taking on the values {1, 2}, to denote
vector and tensor components in the plane parallel to the
fracture this implies that

vsb; v
s
3

n o
x1; x2; x3; tð Þ ¼ ÿvsb; v

s
3

n o
x1; x2;ÿx3; tð Þ; ð7Þ

ts
gd; t

s
g3; t

s
3d; t

s
33

n o
x1; x2; x3; tð Þ

¼ ÿts
gd; t

s
g3; t

s
3d;ÿts33

n o
x1; x2;ÿx3; tð Þ: ð8Þ

These relations are right from the beginning used in the
representations for the wave field components.

2.5. Associated Problems in Dynamic Fracture
Mechanics

[16] The symmetry considerations also offer a direct clue
to the interrelation between the edge diffraction problem
under consideration and the uniform transient load crack
face separation problem in dynamic fracture mechanics for
mode II type of crack opening deformation (in the termi-
nology of Freund [1998]). In this type of opening deforma-
tion the generated stress-velocity field satisfies the same
symmetry conditions as our scattered wave, while its tensile
stress loading condition yields a boundary condition that is,
up to a minus sign, identical to the one applying to t13

s for
normal incidence. Furthermore, for the case of a suddenly
applied (uniform) load, the magnitude of this load is to be
derived from our case of plane wave incidence by extracting
the load from the corresponding dynamic stress in the plane
of the fracture. To facilitate the identification, we shall for

Figure 1. The configuration.
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the moment use the terminology of dynamic fracture
mechanics, where the tensile and shear stress denote the
normal and tangential components of the dynamic stress,
respectively.
[17] In the required case of normal incidence only the SV

wave yields the necessary load. Let its stress field be tiH(t)
parallel to the wave front. The corresponding particle
velocity signature is then q(t) = ÿ(mr)ÿ1/2tiH(t). Then, in
the notation of equation (10) in section 3, the incident wave
will induce on the plane x3 = 0 a shear stress of magnitude
t* = ti, while the tensile stress vanishes. The relevant
boundary conditions are [Freund, 1998, equation (2.6.3)]

limx3#0 t33 ¼ 0; ÿ1 < x1 < 1; ÿ1 < x2 < 1;

limx3#0 t13 ¼ ÿt*H tð Þ; on �;

limx3#0 v1 ¼ 0; ÿ1 < x1 < 0; ÿ1 < x2 < 1:

For mode I type of crack opening deformation, the
corresponding boundary value problem with even symmetry
needs to be solved. The relevant solution can be extracted
from the traction-free (void) fracture edge diffraction
problem with incident P wave at normal incidence [Freund,
1998, section 2.4]. The corresponding stress intensity
factors follow from using equation (2.1.1) of Freund
[1998] and substituting in this relation the values of our
tij
s that arise from applying the constitutive relations to the
calculated vr

s.

3. Incident Wave Field

[18] Part of the subsequent analysis differs for the two
cases of an incident P wave and an incident SV wave. Let
for the lossless case the incident P wave be specified by

v
i;P
1;3 ¼ cP pP0 ; gP pP0

ÿ �� 	
qP t ÿ pP0 x1 ÿ gP pP0

ÿ �
x3

� �
; ð9Þ

with 0 � p0
P � cP

ÿ1 in view of the condition of causality of
the scattered wave, gP( p0

P) = (cP
ÿ2 ÿ ( p0

P)2)1/2 and wave
speed cP = [(l + 2m)/r]1/2. Let the incident SV wave be
specified by

v
i;SV
1;3 ¼ cS ÿgS pS0

ÿ �
; pS0

� 	
qS t ÿ pS0x1 ÿ gS pS0

ÿ �
x3

� �
; ð10Þ

with 0 � p0
S � cS

ÿ1 in view of the condition of causality of
the scattered wave, gS( p0

S) = (cS
ÿ2 ÿ ( p0

S)2)1/2 and wave
speed cS = (m/r)1/2. In the range 0 � p0

S � cP
ÿ1 this amounts

to precritical incidence, in the range cP
ÿ1 � p0

S � cS
ÿ1 this

amounts to postcritical incidence.

4. Complex Slowness Representations for the
Scattered Wave Field Constituents

[19] As assumed, the incident plane wave hits the edge of
the fracture at the instant t = 0. Then the scattered wave field
vanishes for t < 0 and its time Laplace transformation is

v̂sr; t̂
s
pq

n o
x; sð Þ ¼

Z 1

0

exp ÿstð Þ vsr; t
s
pq

n o
x; tð Þdt; ð11Þ

where s is taken to be real and positive. Next, the complex
slowness representations pertinent to the lossless case are
introduced via

v̂sr; t̂
s
pq

n o
x1; x3; sð Þ ¼

1

2pi

Z

L

exp ÿspx1ð Þ ~vsr; ~t
s
pq

n o
p; x3; sð Þ dp;

ð12Þ

where i is the imaginary unit and p is the complex slowness
parameter in the x1 direction. The (infinite) path of integration
L in the complex p plane remains to be determined, but a
necessary condition for the convergence of the integral is that
L should be parallel to the imaginary p axis as jpj !1. The
domain to the left of L will be denoted byDÿ, the domain to
the right of L will be denoted by D+.
[20] Taking into account that the P waves in the solid are

curl-free and travel in the lossless case with the wave speed
cP, while the SV waves are divergence-free and travel in the
lossless case with the wave speed cS and incorporating the
symmetry properties of the particle velocity components
expressed by equation (7), it is found that the complex
slowness domain particle velocities of the scattered P and
SV waves are of the form

~v
s;P
1;3 ¼ q̂P; S sð Þ �p; gP pð Þf gpgS pð Þ~AP; S pð Þ

� exp ÿsgP pð Þ x3j jð Þ; x3
<
>0; ð13Þ

and

~v
s;SV
1;3 ¼ q̂P; S sð Þ �gS pð Þ; pf g p2 ÿ

1

2
cÿ2S

� �
~AP; S pð Þ

� exp ÿsgS pð Þ x3j jð Þ; x3
<
>0: ð14Þ

Here, it has been taken into account that they travel away
from the fracture. The corresponding vertical wave
slownesses are

gP; S ¼ cÿ2P; S ÿ p2
� �1=2

; Re gP; S pð Þ
ÿ �

� 0 for all p 2 C ð15Þ

The total scattered wave consists of the superposition of the
scattered P and SV wave constituents, i.e., ~v1,3

s = ~v1,3
s;P + ~v1,3

s;SV.
The corresponding dynamic stresses follow from equations
(1) and (4) as

st̂s13 ¼ m @1v̂
s
3 þ @3v̂

s
1

ÿ �
; ð16Þ

st̂s33 ¼ l @1v̂
s
1 þ @3v̂

s
3

ÿ �
þ 2m@3v̂

s
3: ð17Þ

The complex slowness amplitudes ÃP,S = ÃP,S(p) referring to
P and SV wave incidence, remain to be determined.

5. Determination of the Scattered P/SV Wave
Complex Slowness Amplitudes

[21] Invoking the condition (6) that v̂3
s should be contin-

uous across the nonfractured part of the plane x3 = 0, we
obtain the relation

1

2pi

Z

L

gS pð Þ~AP; S pð Þ exp ÿspx1ð Þdp ¼ 0; ÿ1 < x1 < 0:

ð18Þ
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From the explicit boundary condition (5), with the use of
equation (16), we furthermore obtain the relation

1

2pi

Z

L

�R pð Þ~AP; S pð Þ exp ÿspx1ð Þdp ¼ ÿBP; S exp ÿsp
P; S
0 x1

� �
;

0 < x1 < 1; ð19Þ

in which

�R pð Þ ¼ p2gP pð ÞgS pð Þ þ p2 ÿ
1

2
cÿ2S

� �2

ð20Þ

is the Rayleigh determinant whose zeros are p = ±cR
ÿ1,

where cR is the wave speed of Rayleigh surface waves along
a traction-free boundary of a semi-infinite perfectly elastic
solid, and

BP ¼ cPp
P
0gP pP0

ÿ �
; ð21Þ

BS ¼ cS pS0
ÿ �2

ÿ
1

2
cÿ2S

� �
ð22Þ

for incident P and SV, respectively. Equations (18), (19)
constitute a standard Wiener-Hopf problem.
[22] The Wiener-Hopf problem to be solved is of the

generic form

1

2pi

Z

L

gS pð Þ~A pð Þ exp ÿspx1ð Þdp ¼ 0; ÿ1 < x1 < 0; ð23Þ

1

2pi

Z

L

�R pð Þ~A pð Þ exp ÿspx1ð Þdp ¼ ÿB exp ÿsp0x1ð Þ;

0 < x1 < 1: ð24Þ

Equation (23) is satisfied if

gS pð Þ~A pð Þ ¼ Fÿ pð Þ; p 2 L [ Dÿ; ð25Þ

where Fÿ = Fÿ(p) is some function that is regular in Dÿ

and has the property Fÿ(p) = o(1) as jpj ! 1 in Dÿ,
uniformly in arg(p). The proof follows by applying
Cauchy’s theorem and Jordan’s lemma to L [ Dÿ.
[23] Equation (24) is satisfied if

�R pð Þ~A pð Þ ¼
B

pÿ p0
þ Hþ pð Þ; p 2 L [ Dþ; ð26Þ

where H+ = H+(p) is some function that is regular in D+ and
has the property H+(p) = o(1) as jpj !1 in D+, uniformly
in arg(p), provided that L is chosen such that p0 2 D+. The
proof follows by applying the residue theorem and Jordan’s
lemma to L [ D+. Combining equations (25) and (26), we
arrive at

�R pð Þ

gS pð Þ
Fÿ pð Þ ¼

B

pÿ p0
þ Hþ pð Þ; p 2 L: ð27Þ

Equation (27) belongs to the class of Wiener-Hopf relations
[Wiener and Hopf, 1931; Titchmarsh, 1948; Baker and
Copson, 1950; Noble, 1958; Achenbach, 1973; Freund,
1998] and is amenable to a solution with the aid of the
factorization method [Weinstein, 1969]. (Note that in our
approach equation (27) is only required to hold on a line and
not in a strip of nonvanishing width as usually claimed in
the literature.)
[24] The crucial step in the further solution to the problem

is to ‘‘factorize’’ the functions multiplying Ã(p) into a factor
(with superscript minus) that is regular in Dÿ and a factor
(with superscript plus) that is regular in D+. For gS(p) such a
factorization is obtained by inspection as

gS pð Þ ¼ g
ÿ
S pð ÞgþS pð Þ; p 2 L; ð28Þ

where

g
�
S pð Þ ¼ cÿ1S � p

ÿ �1=2
with Re g

�
S

ÿ �
� 0 ð29Þ

is regular in D�.
[25] For �R(p) the factorization requires the application

of the Plemelj formulas [Noble, 1958; Sparenberg, 1958].
For this purpose we rewrite �R(p) as

�R pð Þ ¼
cÿ2S ÿ cÿ2P

2
cÿ2R ÿ p2
ÿ �

K pð Þ; p 2 L: ð30Þ

To show that log K(p) meets the conditions for Plemelj
decomposition, we observe that a Taylor expansion around
p = 1 yields K(p) = 1 + O(pÿ2) as jpj ! 1 along L.
Furthermore, as equation (30) shows, K(p) can be continued
analytically away from L into the entire p plane cut along
the common branch cuts of gP(p)gS(p), i.e., along {p 2 C;
cP
ÿ1 < jRe(p)j < cS

ÿ1, Im(p) = 0}. Additive Plemelj
decomposition of log K(p) leads upon exponentiation to

K pð Þ ¼ Kÿ pð ÞKþ pð Þ; p 2 L; ð31Þ

where Kÿ(p) as given by equations (A8) and (A12) is
regular in Dÿ and K+(p) as given by equations (A8) and
(A13) is regular in D+. Note that gS

ÿ(p) = gS
+(ÿp) and

Kÿ(p) = K+(ÿp).
[26] With the aid of equations (28)–(31), equation (27) is

cast into the form

cÿ2S ÿ cÿ2P

2

� �
1

cR
ÿ p

� �
Kÿ pð Þ

g
ÿ
S pð Þ

Fÿ pð Þ ÿ B
g
þ
S p0ð Þ

Kþ p0ð Þ

1

cÿ1R þ p0

1

pÿ p0

¼ B
g
þ
S pð Þ

Kþ pð Þ

1

cÿ1R þ p
ÿ

g
þ
S p0ð Þ

Kþ p0ð Þ

1

cÿ1R þ p0

� �
1

pÿ p0

þ
g
þ
S pð Þ

Kþ pð Þ

1

cÿ1R þ p
Hþ pð Þ; p 2 L: ð32Þ

By taking L such that the branch points p = cP
ÿ1 and p = cS

ÿ1

of Kÿ(p), the branch point p = cS
ÿ1 of gS

ÿ(p) as well as the
simple pole p = cR

ÿ1 of (cR
ÿ1 ÿ p)ÿ1 and the simple pole p =

p0 of (p ÿ p0)
ÿ1 are all located in D+ and the branch points

p = ÿcP
ÿ1 and p = ÿcS

ÿ1 of K+(p), the branch point p = ÿcS
ÿ1
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of gS
+(p) as well as the simple pole p = ÿcR

ÿ1 of (cR
ÿ1 + p)ÿ1

are all located in Dÿ, the left-hand side of this equation is
regular in Dÿ and the right-hand side is regular in D+.
According to Liouville’s first theorem [Titchmarsh, 1950,
p. 85], the left-hand side and the right-hand side of equation
(32) are then representations of one and the same entire
function that is regular in the entire pplane. Since the left-hand
side is of ordero(p1/2) as |p|!1 inDÿ and the right-hand side
is of order o(pÿ1/2) as jpj ! 1 in D+, this entire function
is, by virtue of Liouville’s second theorem [Titchmarsh,
1950, p. 85], identically equal to zero. Consequently, by
putting the left-hand side equal to zero, we obtain an
expression for Fÿ(p) which with equation (25) leads to

~A ¼ B
2

cÿ2S ÿ cÿ2P

g
ÿ
S pð Þ

gS pð ÞKÿ pð Þ cÿ1R ÿ pð Þ

g
þ
S p0ð Þ

Kþ p0ð Þ

1

cÿ1R þ p0

�
1

pÿ p0
; p 2 L: ð33Þ

Using this result in equations (13)–(14) yields the complex
slowness amplitudes of the scattered particle velocities.
[27] To arrive at the space-time expressions for the

particle velocities of the scattered P and SV waves, the
analytic continuation of Ã into the entire complex p plane is
needed. To this end, the definitions of gS

� and K� are taken
to hold in the entire cut p plane.

6. Time Domain Expressions for the
Scattered Waves

[28] The final step in the analysis consists of extracting
from the now known complex slowness representations of
the particle velocities of the scattered wave constituents
their time domain counterparts. Writing v̂1,3

s;P,SV as q̂P,SĜ1,3
s;P,SV,

the generic form of Ĝ1,3
s;P,SV is

Ĝ
s;P;SV
1;3 ¼

1

2pi

Z

L

~g
s;P;SV
1;3 exp ÿs px1 þ gP;S pð Þ x3j j

� �� 	
dp; ð34Þ

in which s only occurs in the exponential function. Once
G1,3
s;P,SV = G1,3

s;P,SV(x1, x3, t) has been determined, we have

v
s;P;SV
1;3 ¼ qP;S tð Þ t

*G
s;P;SV
1;3 x1; x3; tð Þ: ð35Þ

To determine G1,3
s;P,SV the modified Cagniard method is used.

Accordingly, the path of integration L in the complex p
plane is replaced with the one along which (modified
Cagniard path)

px1 þ gP;S pð Þ x3j j ¼ t; ð36Þ

where t is taken to be real and positive, and plays the role of
time parameter. In the process of contour deformation, no
branch cuts (that make gP,S

� and K� single-valued) may be
crossed, while passing either one of the poles p = p0

P,S or
p = 1/cR (note that p = ÿ1/cR is on account of equation (33)
not a pole of ~g1,3

s;P,SV) must each time be accounted for by
incorporating the corresponding residue.

[29] Solving equation (36) for p leads to the P and S
hyperbolic body wave paths {p 2 C; p = pP,S} [ {p 2 C; p =
pP,S*}, in which the asterisk denotes complex conjugate,
where

pP; S ¼ pP; S x1; x3j j; tð Þ ¼
x1

r2
tþ i

x3j j

r2
t2 ÿ T2

P; S

� �1=2
;

TP; S < t < 1; ð37Þ

in which r = (x1
2+ x3

2)1/2 is the distance from the edge of the
fracture to the point of observation and

TP;S ¼ r=cP;S ð38Þ

is the P, S wave travel time from the edge of the fracture to
the point of observation. Furthermore, the prohibition of the
S wave path to cross the P wave branch cut leads to the head
wave loop {p 2 C; p = pH} [ {p 2 C; p = pH*} around that
branch cut, with

pH ¼ pH x1; x3j j; tð Þ

¼
x1

r2
tÿ

x3j j

r2
T2
S ÿ t2

ÿ �1=2
þ i0 x1=r > cS=cP; TH < t < TS ;

ð39Þ

with

TH ¼ x1=cP þ cÿ2S ÿ cÿ2P

ÿ �1=2
x3j j ð40Þ

being the travel time of the (shear) head wave from the
edge of the fracture to the point of observation. As
indicated, the head wave is only present in the wedge-like
region x1/r > cS/cP. The modified Cagniard paths are shown
in Figure 2.

Figure 2. Modified Cagniard contours (postcritical SV
incidence).
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[30] Introducing t as the variable of integration, we
obtain the path contributions (which will lead to the
cylindrical edge-diffracted waves)

Ĝ
d;P;SV
1;3 ¼

1

p

Z 1

TP; S

exp ÿstð ÞIm ~g
s;P;SV
1;3 pP; S

ÿ � @pP; S
@t

� �
dt; ð41Þ

and the loop contribution (which will lead to the edge-
diffracted head wave)

Ĝ
d;H
1;3 ¼ 0; 1f g

1

p

Z TS

TH

exp ÿstð ÞIm ~g
s;SV
1;3 pHð Þ

@pH
@t

� �
dt;

x1=r < cS=cP; x1=r > cS=cPf g: ð42Þ

The uniqueness property of the time Laplace transform for
real, positive s [Widder, 1946] then leads to the time domain
expressions

G
d;P;SV
1;3 ¼

1

p
Im ~g

s;P;SV
1;3 pP;S

ÿ � @pP;S
@t

� �
H t ÿ TP;S
ÿ �

ð43Þ

for diffracted body wave constituents, and

G
d;H
1;3 ¼ 0; 1f g

1

p
Im ~g

s;SV
1;3 pHð Þ

@pH
@t

� �
H tÿ THð Þ ÿ H tÿ TSð Þ½ �;

x1=r < cS=cP; x1=r > cS=cPf g; ð44Þ

for diffracted head wave constituents.
[31] The contributions that, during the contour deforma-

tion, arise from passing either of the poles p = p0
P,S

associated with the incident plane waves are all in accord-
ance with the geometrical theory of diffraction and are
therefore denoted as the geometrical parts of the scattered
waves. Combining them with the incident waves, they are
all of the form

Ĝ
g;P;SV
1;3 ¼ ~g

i;P;SV
1;3 p

P; S
0

� �
exp ÿs p

P; S
0 x1 þ gP; S p

P; S
0

� �
x3

h in o

ÿ 0;
1

2
; 1

� �
Res

p¼p
P; S
0

~g
s;P;SV
1;3 pð Þ

h i

� exp ÿs p
P; S
0 x1 þgP p

P; S
0

� �
x3j j

io
;

hn

x1=r < cP; Sp
P; S
0 ; x1=r ¼ cP; Sp

P; S
0 ; x1=r > cP; Sp

P; S
0

o
:

n

ð45Þ

Their time domain expressions follow as

G
g;P;SV
1;3 ¼ ~g

i;P;SV
1;3 p

P; S
0

� �
d t ÿ p

P; S
0 x1 ÿ gP; S p

P; S
0

� �
x3

h i

ÿ 0;
1

2
; 1

� �
Res

p¼p
P; S
0

~g
s;P;SV
1;3 pð Þ

h i

� d t ÿ p
P; S
0 x1 þ gP p

P; S
0

� �
x3j j

i�
;

h�

x1=r < cP; Sp
P; S
0 ; x1=r ¼ cP; Sp

P; S
0 ; x1=r > cP; Sp

P; S
0

o
;

n

ð46Þ

from which the relevant plane wave reflection and
transmission coefficients follow. With the full residue as
indicated, the expression for SV wave incidence only holds
for precritical incidence (0 < p0

S < 1/cP). For postcritical
incidence (1/cP < p0

S < 1/cS) the full residue has to replaced
with Re fResp¼pS

0
þi0½~g

s;P;S
1;3 pð Þ�g.

[32] Finally, the pole p = 1/cR is only for x1 � 0, x3 = 0,
i.e., for points of observation on the faces of the fracture,
located on the modified path of integration. Its contribution
yields the Rayleigh surface wave along the fracture.
[33] With this, the framework for the solution in the

lossless case has been completed. The details will be listed
below.

6.1. Scattered P Wave––Incident P Wave

[34] For this case, the framework yields the following
substitutions:

~g
i;P
1 ; ~gi;P3

n o
¼ cPp

P
0 ; cPgP pP0

ÿ �� 	
ð47Þ

for the incident wave, and

~g
s;P
1 ; ~gs;P3

� 	
¼ �p2gS pð Þ; pgP pð ÞgS pð Þ

� 	
~AP pð Þ; x3

<
> 0; ð48Þ

for the scattered wave constituent. The geometrical
contribution is obtained from

Resp¼pP
0

~g
s;P
1 pð Þ; ~gs;P3 pð Þ

� 	
¼ � pP0

ÿ �2
gS pP0
ÿ �

;ÿpP0gP pP0
ÿ �

gS pP0
ÿ �n o

;

RP pP0
ÿ �

x3
<
> 0; ð49Þ

in which

RP pP0
ÿ �

¼ Resp¼pP
0

~AP pð Þ ¼
BP

�R pP0
ÿ � : ð50Þ

6.2. Scattered SV Wave––Incident P Wave

[35] For this case, the framework yields the following
substitutions:

~g
s;SV
1 ; ~gs;SV3

n o
¼ �gS pð Þ p2 ÿ

1

2
cÿ2S

� �
; p p2 ÿ

1

2
cÿ2S

� �� �
~AP pð Þ;

x3
<
> 0; ð51Þ

for the scattered wave constituent. The geometrical
contribution is obtained from

Resp¼pP
0

~g
s;P
1 pð Þ; ~gs;P3 pð Þ

� 	
¼ �gS pP0

ÿ �
pP0
ÿ �2

ÿ
1

2
cÿ2S

� �
;

�

ÿpP0 pP0
ÿ �2

ÿ
1

2
cÿ2S

� ��
RP pP0

ÿ �
; x3

<
> 0;

ð52Þ

in which RP(p0
P) is given in equation (50).
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6.3. Scattered Wave in the Plane of the
Fracture––Incident P Wave

[36] In the plane of the fracture, we have x3 = 0 and hence
the P and SV wave Cagniard paths coincide, with the
consequence that the two contributions can be taken
together. This procedure is necessitated in the process of
contour deformation from L to the present Cagniard path,

p ¼
t

x1
þ i0

� �
[ p ¼

t

x1
ÿ i0

� �
; x1j j=cP < t < 1; ð53Þ

in order that Jordan’s lemma applies. The P plus SV
combination yields, using equations (13)–(14) at x3 = 0,

~g
s;PþSV
1 ; ~gs;PþSV

3

n o
p;�0; sð Þ

¼ �
1

2
gS pð Þcÿ2S ;

�
pgP pð ÞgS pð Þ þ p p2 ÿ

1

2
cÿ2S

� ���
~AP pð Þ:

�

ð54Þ

The cases x1 < 0 and x1 > 0 require different treatments and
will be discussed separately below.
6.3.1. Unruptured Part
[37] For the unruptured part we have x1 < 0. Observing

that gS( p)cS
ÿ2ÃP( p) (compare equation (25)) is free from

singularities in Dÿ, it then follows that

Ĝ
s;PþSV
1 x1;�0; sð Þ ¼ 0; x1 < 0: ð55Þ

Consequently,

v
s;PþSV
1 x1;�0; tð Þ ¼ 0; x1 < 0; ð56Þ

which is in accordance with symmetry property equation
(7).
[38] Furthermore, the remaining component consists of a

diffracted only:

G
d;PþSV
3 ¼

1

px1
Im pgP pð ÞgS pð Þ þ p p2 ÿ

1

2
cÿ2S

� �� ��

� ~AP pð Þ

� ����
p¼t=x1þi0

H t þ x1=cPð Þ; x1 < 0: ð57Þ

6.3.2. Ruptured Part
[39] For the ruptured part we have x1 > 0. For this case,

we replace L by the loop (53), thereby passing the pole p =
p0
P. Furthermore, the contribution from the pole p = cR

ÿ1,
which is situated on the loop, has to be taken into account.
Via this procedure, the pole contribution from p = p0

P yields
the geometrical part

G
g;PþSV
1 x1;�0; tð Þ ¼ �

1

2
cÿ2S gS pP0

ÿ �
RP pP0

ÿ �
d t ÿ pP0 x1
ÿ �

; x1 > 0;

ð58Þ

G
g;PþSV
3 x1;�0; tð Þ ¼ ÿ pP0gP pP0

ÿ �
gS pP0
ÿ �

þ pP0 pP0
ÿ �2

ÿ
1

2
cÿ2S

� �� �

�RP pP0
ÿ �

d t ÿ pP0 x1
ÿ �

; x1 > 0; ð59Þ

while the loop contribution yields the diffracted part

G
d;PþSV
1 x1;�0; tð Þ ¼ �

1

2px1c
2
S

Im gS pð Þ~AP pð Þ
� �

jp¼t=x1

�H t ÿ x1=cPð Þ; x1 > 0; ð60Þ

where the value t = x1/cR has to be approached from either
side, and

G
d;PþSV
3 x1;�0; tð Þ ¼

1

px1
Im pgP pð ÞgS pð Þ þ p p2 ÿ

1

2
cÿ2S

� �� ��

� ~AP pð Þ

�����
p¼t=x1

H t ÿ x1=cPð Þ

ÿ

�
cÿ1R gP cÿ1R

ÿ �
gS cÿ1R

ÿ �
þ cÿ1R cÿ2R ÿ

1

2
cÿ2S

� ��

� Resp¼cÿ1
R

~AP pð Þ d t ÿ x1=cRð Þ; x1 > 0: ð61Þ

In the last result, the first term on the right-hand side yields
a nonvanishing contribution in the interval x1/cP < t < x1/cS
only, while the second term represents the isolated
contribution from the Rayleigh surface wave.

6.4. Scattered P and SV Waves––Incident SV Wave

[40] The results for the incident SV wave follow from the
ones that are given above for the P wave by the replacing
p0
P, BP, ÃP(p) and RP(p0

P) by p0
S, BS, ÃS(p) and RS(p0

S), in
which

RS pS0
ÿ �

¼ Resp¼pS
0

~AS pð Þ ¼
BS

�R pS0
ÿ � ð62Þ

for precritical incidence, i.e., 0 � p0
S < cP

ÿ1 (for which case
gP(p0

S) is real valued) and

RS pS0
ÿ �

¼ Re Resp¼pS
0
þi0

~AS pð Þ
h i

¼ Re

cS pS0 þ i0
ÿ �2

ÿ
1

2
cÿ2S

� �

�R pS0 þ i0
ÿ �

2

664

3

775;

ð63Þ

for cP
ÿ1 � p0

S < cS
ÿ1 (i.e., for postcritical incidence for

which case gP(p0
S + i0) is negative imaginary).

[41] The difference in results for precritical and postcrit-
ical incidence arise from the fact that at postcritical
incidence the line of intersection of the wave front of the
incident wave with the plane of the fracture travels along
the fracture with a speed that is less than cP (though always
with a speed greater than or equal to cS). In that regime, the
simple pole that is indicative for the direction of incidence
is now located on the branch cut associated with the
diffracted P wave. As a consequence, the application of
the residue theorem has now to be modified in the sense
that two semicircular arcs on either side of the branch cut
are introduced to avoid the pole. These semicircular arcs
break up symmetrically the loop associated with the head
wave contribution. Taking together their contributions, we
arrive at equation (63) as the corresponding expression for
RS(p0

S).
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7. Incorporation of Loss Mechanisms in the
Hosting Solid

[42] In this section, global relaxation in the solid is
included in the analysis. The relevant mechanism is repre-
sented through the global relaxation functions f = f(t) for
the inertia and y = y(t) for the compliance in equations (3)–
(4). The consequences of this are most easily investigated in
the complex frequency or s domain. In particular, the
particle velocity elastodynamic wave equation yields, for
the present case, the key to the application of the corre-
spondence principle [Chao and Achenbach, 1964; De
Hoop, 1995b]. At any interior point of the solid, the s
domain particle velocity satisfies the source-free differential
equation

c2P ÿ c2S
ÿ �

@k@r v̂r þ c2S@r@r v̂k ÿ s2f̂ sð Þŷ sð Þv̂r ¼ 0: ð64Þ

Hence the result of the introduction of the relaxation
mechanism is to replace s2 in the elastodynamic wave
equation by s2f̂(s)ŷ(s). Since, further, the boundary
conditions at the crack are of the homogeneous type, the
spectral representations of the scattered wave field quan-
tities can now profitably taken to be of the form

v̂r; t̂pq
� 	

x1; x3; sð Þ ¼
1

2pi

Z

L

exp ÿs f̂ sð Þŷ sð Þ
h i1=2

px1

� �

� ~vr; ~tpq
� 	

p; x3; sð Þdp: ð65Þ

In this respect, it is of importance to observe that for linear,
causal, dissipative solids, f̂(s) and ŷ(s) are real and positive
for positive real values of s and bounded away from 0,
while f̂(s) = 1 + o(1) and ŷ(s) = 1 + o(1) as s ! 1. Each
scattered wave field spectral constituent is of the general
shape

~w p; x3; sð Þ ¼ q̂ sð Þ~g p; x3ð Þ; ð66Þ

with, now,

~g p; x3ð Þ ¼ ~A pð Þ exp ÿs f̂ sð Þŷ sð Þ
h i1=2

gP;S pð Þ x3j j

� �
; ð67Þ

where gP,S(p) is, still, given by equation (15). The
factorization method remains unaltered, whereas the
modified Cagniard method now leads to complex frequency
domain expressions of the type

ĝ p; x3; sð Þ¼
1

p

Z 1

TP; S

exp ÿs f̂ sð Þŷ sð Þ
h i1=2

t

� �
Im ~A pP; S

ÿ � @pP; S
@t

� �
dt

ð68Þ

for diffracted body wave contributions and

ĝ x1; x3; sð Þ ¼
1

p

Z TS

TH

exp ÿs f̂ sð Þŷ sð Þ
h i1=2

t

� �
Im ~A pHð Þ

@pH
@t

� �
dt

ð69Þ

for diffracted head wave contributions.

[43] Now, for a number of relaxation functions, exp{ÿs
½f̂(s) ŷ(s)]1/2t} admits a representation of the type

exp ÿs f̂ sð Þŷ sð Þ
h i1=2

t

� �
¼

Z 1

t

exp ÿstð ÞU t; tð Þdt: ð70Þ

Using equation (70) in equation (69), we end up with

g x1; x3; tð Þ ¼

Z t

TP; S

U t; tð ÞG x1; x3; tð Þdt

" #
H t ÿ TP; S
ÿ �

ð71Þ

for diffracted body wave contributions and

g x1; x3; tð Þ ¼

Z min t;TSð Þ

TH

U t; tð ÞG x1; x3; tð Þdt

" #

� H t ÿ THð Þ ÿ H t ÿ TSð Þ½ �; ð72Þ

for diffracted head wave contributions. Here, G(x1, x3, t) is,
in all cases, the scattered wave constituent pertaining to the
lossless case for which f(t) = d(t) and y(t) = d(t). The
intervening function U = U(t, t) is referred to as the loss
influence kernel function. Obviously, U(t, t) = d(t ÿ t) for
the lossless case. In most cases of practical interest, U(t, t)
has to be determined by solving the Laplace transform
equation with the aid of the Bromwich inversion integral.

7.1. Special Case: Elastodynamic Creep/Relaxation
Loss Mechanism

[44] The building block for the model of attenuation
proposed by Liu et al. [1976] can be derived from the
standard linear solid with creep/relaxation loss mechanism,
also known as the Zener solid. The complete model is based
upon a spectrum of these relaxation mechanisms, and is
well established in global earth seismology; it plays a role
for example in investigating the mantle’s composition.
[45] The time domain kernel function for the elastody-

namic global creep/relaxation loss mechanism will be
determined by applying the Bromwich inversion integral
to the Laplace transform expression for the kernel function.
7.1.1. Standard Linear Solid With Creep/Relaxation
Loss Mechanism
[46] The isotropic ‘‘standard linear solid’’ with a creep/

relaxation loss mechanism, or Zener solid, has the global
relaxation functions [Carcione, 2001; Mainardi, 2002]

f tð Þ ¼ d tð Þ ;y tð Þ ¼ d tð Þ þ
1

ts
ÿ

1

t�

� �
exp ÿ

t

t�

� �
H tð Þ: ð73Þ

Correspondingly,

f̂ sð Þ ¼ 1 ; ŷ sð Þ ¼ 1þ
1=ts ÿ 1=t�
1=t� þ s

: ð74Þ

In these expressions, ts is the stress relaxation time and t�
is the strain relaxation time. On account of the physical
condition of creep yield, equation (73) leads to the condition

ts < t�: ð75Þ
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In the remainder of this section we assume that this condition
is satisfied.
7.1.2. Determination of the Loss Influence
Kernel Function
[47] The time Laplace transform of the kernel function

associated with elastic wave propagation in a solid with
losses according to the elastodynamic creep/relaxation
function is given by (compare equation (70))

bUcr s; tð Þ ¼ exp ÿst
sþ 1=ts
sþ 1=t�

� �1=2
" #

; ð76Þ

in which t is the time parameter introduced in the modified
Cagniard transformation as before. The corresponding time
domain function has the Bromwich integral representation

Ucr t; tð Þ ¼
1

2p�

Z �1

s¼ÿ�1

exp stð ÞbUcr s; tð Þds: ð77Þ

Observing that

exp stÿ st
sþ 1=ts
sþ 1=t�

� �1=2
" #

¼ exp ÿ
1

2

1

ts
ÿ

1

t�

� �
t

� �

� 1þ O sÿ1
ÿ �� �

ð78Þ

as jsj ! 1, uniformly in arg(s), and noting that

1

2p�

Z �1

s¼ÿ�1

exp st ÿ stð Þds ¼ d t ÿ tð Þ; ð79Þ

where d(t ÿ t) is the Dirac delta distribution operative at
t = t, application of Jordan’s lemma, together with Cauchy’s
theorem of complex function theory yields

Ucr t; tð Þ ¼ exp ÿ
1

2

1

ts
ÿ

1

t�

� �
t

� �
d t ÿ tð Þ

þ
1

2p�

I

Ccr

exp st ÿ st
sþ 1=ts
sþ 1=t�

� �1=2
" #

ds

�
H t ÿ tð Þ;

(

ð80Þ

where Ccr is the loop, in counterclockwise orientation,
around the branch cut joining the branch points s = ÿ1/ts

and s = ÿ1/t�. This loop integral has to be evaluated
numerically. Noting that (s + 1/t�)

1/2 = ±1(u ÿ 1/t�)
1/2 for

1/t� < u < 1/ts along the upper/lower part Ccr
± of Ccr and (s +

1/ts)
1/2 = (1/tsÿ u)1/2 for 1/t� < u < 1/ts along Ccr, we have

Icr ¼
1

2p�

I

Ccr

exp st ÿ st
sþ 1=ts
sþ 1=t�

� �1=2
" #

ds

¼
1

p

Z 1=ts

u¼1=t�

exp ÿutð Þ sin ut
1=ts ÿ u

uÿ 1=t�

� �1=2
" #

du: ð81Þ

To evaluate this expression numerically, we normalize the
integration interval from 0 to 1, namely,

u ¼
1

t�
þ

1

ts
ÿ

1

t�

� �
v; 0 � v � 1: ð82Þ

This transformation leads to

Icr ¼
1

p

1

ts
ÿ

1

t�

� �Z 1

v¼0

exp ÿ
1

t�
þ

1

ts
ÿ

1

t�

� �
v

� �
t

� �

� sin
1

t�
þ

1

ts
ÿ

1

t�

� �
v

� �
t

1ÿ v

v

� �1=2
( )

dv: ð83Þ

This integral has an essential singularity at v = 0, which has
to be handled with proper care. The branch cut contributions
Icr are illustrated in Figure 3 for t/t� = 8.0 and Figure 4 for
t/t� = 2.0.

7.2. Special Case: Frictional Forces and
Maxwell-Type Viscoelasticity

[48] The isotropic frictional force Maxwell solid has the
global relaxation functions [Kolsky, 1964, p. 107]

f tð Þ ¼ d tð Þ þ aH tð Þ ; y tð Þ ¼ d tð Þ þ bH tð Þ; ð84Þ

in which a > 0 and b > 0. Correspondingly,

f̂ sð Þ ¼ 1þ
a

s
; ð85Þ

ŷ sð Þ ¼ 1þ
b

s
: ð86Þ

Figure 3. Branch cut contribution to kernel function along
t axis.

Figure 4. Branch cut contribution to kernel function along
t axis.
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For this case, the relation corresponding to equation (70)
becomes [Abramowitz and Stegun, 1965, formula 29.3.91]

exp ÿ sþ að Þ1=2 sþ bð Þ1=2t
h i

¼

Z 1

t

exp ÿstð ÞUM t; tð Þdt; ð87Þ

in which

UM t; tð Þ ¼ ÿ@tU0 t; tð Þ; ð88Þ

with

U0 t; tð Þ ¼ exp ÿ aþ bð Þt=2½ �I0 bÿ aj j=2ð Þ t2 ÿ t2
ÿ �1=2h i

H t ÿ tð Þ;

ð89Þ

where I0 denotes the modified Bessel function of the first
kind and order 0. Carrying out the differentiation in the
right-hand side of equation (88) yields

UM t; tð Þ ¼ exp ÿ aþ bð Þt=2½ � d t ÿ tð Þ þ exp ÿ aþ bð Þt=2½ �

� bÿ aj j=2ð Þt t2 ÿ t2
ÿ �ÿ1=2

I1 bÿ aj j=2ð Þ t2 ÿ t2
ÿ �1=2h i

�H t ÿ tð Þ: ð90Þ

8. Discussion of the Results

[49] The earlier sections provide exact time domain
expressions for the Green’s functions of the different con-
stituents out of which the scattered wave motion is com-
posed in the lossless case. In all of them, the features
associated with plane wave diffraction by a semi-infinite

fluid-filled fracture show up: geometrically scattered parts
of the wave motion, diffracted cylindrical waves, diffracted
head waves and Rayleigh surface waves along the fracture.
Also, the phenomena associated with postcritical incidence
of a plane SV wave are quantitatively obtained. Upon
convolving the expressions with the signature of the inci-
dent plane wave motion, the relevant scattered waves result.
Several important features will be extracted from the ana-
lytical expressions.
[50] The plane wave reflection coefficients govern the

geometrical part of the diffracted waves. These plane wave
reflection coefficients do depend on the direction of inci-
dence and they differ for the two types of incident waves
and the two types of reflected/transmitted waves. In this
respect, it is observed that the boundary conditions (5)–(6)
that describe the behavior of the fluid-filled fracture, entail a
partial reflection and a partial transmission across the plane
of the fracture, a phenomenon that is absent for both a
traction-free fracture and for a perfectly rigid baffle.
[51] Figures 5, 6, 7, and 8show the relevant plane wave

reflection coefficients as functions of the direction of
incidence for the ratio cS/cP = 0.75. The ones pertaining
to P wave incidence follow from equation (50); the ones
pertaining to SV wave incidence follow from equations
(62)–(63). For SV incidence the reflection coefficients show
a marked behavior in the neighborhood of critical direction
of incidence. Note that at postcritical incidence no geo-
metrical part to the scattered P wave exists.
[52] The analytical expressions in the earlier sections also

provide the excitation coefficients of the Rayleigh surface
wave along the fracture. In this respect, we observe (see
equation (61)) that the component of the particle velocity
normal to the plane of the fracture contains an isolated
reproduction of the signature of the incident wave starting at
the arrival time x1/cR of the Rayleigh wave, whereas the

Figure 5. P/P reflection coefficient (equations (50), (46),
and (48)).

Figure 6. P/SV reflection coefficient (equations (50), (46),
and (51)).
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component of the particle velocity parallel to the fracture
(see equation (60)) shows a time behavior that results upon
convolving the signature of the incident wave with the
function (1/cR ÿ t/x1)

ÿ1. Figures 9 and 10 present the
Rayleigh surface wave excitation coefficients that are
defined through the magnitudes of the Rayleigh wave
contribution to the component of the particle velocity
normal to the plane of the fracture, for incident P waves
and incident SV waves, respectively.

[53] From the expressions for the diffracted parts of the
scattered P and SV waves the ‘‘first-motion’’ cylindrical
wave diffraction coefficients that are the key to the geo-
metrical theory of diffraction [Achenbach et al., 1982] by
fractures of the type under consideration can be extracted.
The relevant diffraction coefficients are geometrical quanti-
ties that only depend on the direction of incidence of the
plane wave (‘‘incident’’ geometrical ray) and the direction
of observation of the cylindrical diffracted wave (‘‘emerg-

Figure 7. SV/P reflection coefficient.

Figure 8. SV/SV reflection coefficient (from equations
(62) and (63)).

Figure 9. P incidence Rayleigh excitation coefficient
(equation (61)).

Figure 10. SV incidence Rayleigh excitation coefficient.

ESE 10 - 12 DE HOOP AND DE HOOP: DIFFRACTION BY PERFECT-SLIP FRACTURE



ing’’ geometrical ray). The first-motion time behavior is
normalized to the time behavior of the cylindrical wave
emitted by a line source located at the edge of the fracture.
[54] For the case of an incident P wave the first-motion

expression for the diffracted P wave is written as

v
d;P
1 � �

x1

r
DP!P q tð Þ t

*
1

2p t2 ÿ T2
Pð Þ

1=2

" #
H t ÿ TPð Þ; x3

<
> 0;

ð91Þ

v
d;P
3 �

x3j j

r
DP!P q tð Þ t

*
1

2p t2 ÿ T2
Pð Þ

1=2

" #
H t ÿ TPð Þ ð92Þ

and the one for the diffracted SV wave as

v
d;S
1 � �

x3j j

r
DP!SV q tð Þ t

*
1

2p t2 ÿ T2
S

ÿ �1=2

" #
H t ÿ TSð Þ; x3

<
> 0;

ð93Þ

v
d;S
3 �

x1

r
DP!SV q tð Þ t

*
1

2p t2 ÿ T2
S

ÿ �1=2

" #
H t ÿ TSð Þ; ð94Þ

where the factors in front of DP ! P and DP ! SV have been
anticipated from the results. Using equation (33) for the
complex slowness plane scattering amplitude pertaining to
an incident P wave,

@pP
@t

¼
igP pPð Þ

t2 ÿ T2
Pð Þ

1=2
;

@pS
@t

¼
igS pSð Þ

t2 ÿ T2
S

ÿ �1=2 ; ð95Þ

together with equations (35) and (43) for the diffracted P
wave and corresponding equations for the diffracted SV
wave, the following expressions are obtained:

DP!P ¼ 2Re cÿ1P pP1gS pP1
ÿ �

~AP pP1
ÿ �

gP pP1
ÿ �� �

; ð96Þ

where

pP1 ¼ pP x1; x3;TPð Þ ¼ cÿ1P x1= x3j jð Þ ð97Þ

specifies the direction of observation for the diffracted P
wave, and

DP!SV¼ 2Re cÿ1S pS1
ÿ �2

ÿ
1

2
cÿ2S

� �
~AP pS1

ÿ �
gS pS1
ÿ �� �

; ð98Þ

where

pS1 ¼ pS x1; x3;TSð Þ ¼ cÿ1S x1= x3j jð Þ ð99Þ

specifies the direction of observation for the diffracted SV
wave.
[55] For the case of an incident SV wave, the first-motion

expressions for the diffracted P and P waves follow from
equations (91)–(94) upon replacing by DP ! P by DSV ! P

and DP ! SV by DSV ! SV. Using the complex slowness
plane scattering amplitude pertaining to an incident SV
wave, we find

DSV!P ¼ 2Re cÿ1P pP1gS pP1
ÿ �

~AS pP1
ÿ �

gP pP1
ÿ �� �

ð100Þ

and

DSV!SV ¼ 2Re cÿ1S pS1
ÿ �2

ÿ
1

2
cÿ2S

� �
~AS pS1
ÿ �

gS pS1
ÿ �� �

: ð101Þ

9. Space-Time Elastic Wave Motion: Examples

[56] In this section, first some numerical results as to the
total wave motion due to the diffraction of a plane incident P,
SVor SHwave by the fluid-filled fracture for the lossless case
will be presented. For the case of an incident SV wave both
precritical and postcritical incidence will be illustrated. Sec-
ond, the influence of losses of the creep relaxation and the
frictional force Maxwell types on the pulse shapes of the
diffractedwaveswill be illustrated for the case of an SHwave.

9.1. Incident Wave Source Signature

[57] The source signature of the incident plane wave is
taken to be the power exponential pulse,

q tð Þ ¼ A
at

n

� �n

exp ÿat þ nð ÞH tð Þ: ð102Þ

Here, A is the amplitude of the pulse (reached at the instant
t = n/a) and the parameters n and a are related to the pulse
risetime tr and the pulse time width tw via atr = n, tw/tr =
nÿ(n+ 1) exp(n) ÿ(n + 1). The pulse risetime and the pulse
time width must satisfy the condition tw > tr > 0, with n > 0
and a > 0. The pulse shape is shown in Figure 11.

9.2. Particle Velocity Density Plots in Space at a
Given Time

[58] We present density plots of particular components of
the particle velocity in space at a given time and some of
their constituents (diffracted parts of the scattered wave) as
well as for the total wave motion. Since in these plots
possible relaxation effects do not manifestly show up, we
restrict the density plots to the lossless case.

Figure 11. Signature of incident plane wave.
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9.2.1. SH Wave Scattering
[59] For comparison, we illustrate the wave field in the

case of SH wave scattering. The analysis of this case is
covered in the literature [Achenbach, 1973, section 9.5].
The snapshot for the total field is shown in Figure 12. Note
in particular that across the ‘‘shadow boundaries’’ of the
geometrically diffracted wave constituent, the total field is
continuous. In this case there is no elastodynamic energy
transfer across the fracture.
9.2.2. P/SV Wave Scattering (Incident P Wave)
[60] For the particle velocity component parallel to the

plane of the fracture, the P and SV diffraction contributions,

as they follow from equations (35) and (43), are shown in
Figure 13. The snapshot for the total field is shown in
Figure 14. Note in particular that, again, across the shadow
boundaries of the geometrically diffracted wave constitu-
ents, the total field is continuous.
[61] The particle velocity component normal to the plane

of the fracture (Figure 14, right) clearly reveals the Rayleigh
wave constituent (more so than the component parallel to
the fracture (Figure 14, left)). This is consistent with what
has earlier been said about the Rayleigh surface wave
excitation coefficient.
9.2.3. P/SV Wave Scattering (Incident SV Wave,
Precritical)
[62] For the particle velocity component parallel to the

plane of the fracture we show the P and SV diffraction
contributions in Figure 15. The snapshot for the total field is
shown in Figure 16. Note in particular that, again, across the
shadow boundaries of the geometrically diffracted wave
constituents, the total field is continuous.
[63] In the particle velocity component normal to the

plane of the fracture (Figure 16, right), the Rayleigh wave
constituent clearly shows up (more so than the component
parallel to the fracture (Figure 16, left)). This is consistent
with what has earlier been said about the Rayleigh surface
wave excitation coefficient.
9.2.4. P/SV Wave Scattering (Incident SV Wave,
Postcritical)
[64] For the particle velocity component parallel to the

plane of the fracture we show the P and SV diffraction
contributions in Figure 17. The snapshot for the total field is
shown in Figure 18. Note in particular that, again, across the
shadow boundaries of the geometrically diffracted wave
constituents, the total field is continuous.
[65] In the particle velocity component normal to the

plane of the fracture (Figure 18, right), the Rayleigh wave
constituent clearly shows up (more so than in the compo-
nent parallel to the fracture Figure 18, left) which is

Figure 12. SH, snapshot of the total field (v2).

Figure 13. P/SV, incident P, snapshot of (left) the diffracted P wave contribution and (right) the
diffracted SV wave contribution to v1.
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consistent with what has earlier been said about the Ray-
leigh surface wave excitation coefficient discussed.
[66] In the case of P/SV wave excitation partial reflection

and transmission of elastodynamic energy across the frac-
ture takes place. A particular feature of postcritical SV wave
incidence is furthermore that there is no geometric (plane)
wave contribution to the scattered P wave.

9.3. Particle Velocity Time Traces at a Given Position

[67] Effects of pulse amplitude decrease and pulse
broadening due to diffraction at the fracture and/or relax-

ation phenomena in the solid show up much more pro-
nouncedly in a time trace of a particular component of the
particle velocity at a given point in space than in a density
plot in space at a given time. For this reason we have
included some time traces of the SH wave particle velocity
at a position where the different effects do manifestly
show up.
[68] Figure 19 shows a time trace for a perfectly elastic

solid. Note that in this case the incident wave and the
reflected wave have the same amplitude and the same
signature. Figures 20 and 21 show, at the same position,

Figure 14. P/SV, incident P, snapshot of (left) v1 and (right) v3.

Figure 15. P/SV, incident SV, snapshot of (left) the diffracted P wave contribution and (right) the
diffracted SV wave contribution to v1; precritical.
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time traces for a solid with frictional force Maxwell-type
relaxation coefficients a = 0.2 and b = 0.1. Figure 20 shows
the relaxation effect due to the first term in the right-hand
side of equation (90). This term yields an attenuated replica
of the lossless wave signature. Figure 21 shows the relax-
ation effect due to the second term in the right-hand side of
equation (90). This term yields the pulse broadened version
of the lossless wave signature and is much smaller in
magnitude.
[69] Next, we show, at the same position, a time trace for

a Zener solid with coefficients t� =
10
3
and ts =

5
3
(such that

a + b = ts
ÿ1 ÿ t�

ÿ1). The effect of relaxation due to the

first term in the right-hand side of equation (80) is the same
as for the Maxwell solid. Figure 22 shows the relaxation
effect due to the second term in the right-hand side of
equation (80). This term yields the pulse broadened version
of the lossless wave signature and is much smaller in
magnitude than the attenuated replica but larger than the
corresponding contribution for the Maxwell solid.

10. Conclusion

[70] A full time domain solution to the canonical problem
of transient elastic P and SV wave edge diffraction by a

Figure 16. P/SV, incident SV, snapshot of (left) v1 and(right) v3; precritical.

Figure 17. P/SV, incident SV, snapshot of (left) the diffracted P wave contribution and (right) the
diffracted SV wave contribution to v1; postcritical.
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semi-infinite perfect-slip fracture in an isotropic solid has
been presented. The case of a lossless hosting solid as
well as the cases of a solid with losses of the Zener creep
relaxation type and a solid with frictional force and
Maxwell relaxation have been considered. The obtained
closed-form analytical expressions for the particle velocity
components of the wave motion enable one to extract
from them quantitative results as to the different features
that show up in the physical behavior, all in their
dependence on the material parameters of the hosting
solid involved.
[71] First of all, the geometrical contributions to the wave

field yield the plane P and SV wave reflection and trans-
mission coefficients pertaining to the partial elastodynamic
energy transfer across the fracture. Second, the edge-dif-
fracted cylindrical P and SV wave contributions yield, apart
from showing their exact pulse broadening behavior in
space-time, the relevant first-motion diffraction coefficients

that are needed in the asymptotic ray theory of elastody-
namic diffraction. In addition, the head wave contributions
show up. In the expressions for the particle velocity of the
wave motion along the fracture, the Rayleigh surface wave
contributions are manifest and their excitation coefficients
are determined. The marked difference in Rayleigh surface
wave contribution to the component of the particle velocity
normal to the plane of the fracture versus the one parallel to
the plane of the fracture is a straightforward result from the
analysis.
[72] In view of their being explicit, the results can prove

to be instrumental to a variety of applications in geophysics
in all those circumstances where properties of elastic wave
motion in the presence of fluid-filled fractures and in a
lossless or lossy solid are investigated. As global Earth
applications, we mention the problems of characterizing
fault zones and detecting the edge of a magma lens. As an
application in exploration geophysics, we mention the

Figure 18. P/SV, incident SV, snapshot of (left) v1 and (right) v3; postcritical.

Figure 19. SH, time trace (v2) at x1 = 1.0, x3 = ÿ0.2
(indicated by the small circle in Figure 12; lossless solid.

Figure 20. SH, time trace (v2) at x1 = 1.0, x3 = ÿ0.2 of the
attenuated constituent; solid with Maxwell relaxation.
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evaluation and monitoring of fossil energy reservoirs in the
subsurface of the Earth, where a multitude of fluid-filled
fractures is present.

Appendix A: Plemelj Additive Decomposition
Formulas and Their Application to Wiener-Hopf
Kernel Function Factorization

[73] The Plemelj decomposition formulas [Muskhelish-
vili, 1953] deal with the additive decomposition of a
function Q = Q(p) of the type

Q pð Þ ¼ Qÿ pð Þ þ Qþ pð Þ; p 2 L; ðA1Þ

where L is an oriented curve in the complex p plane with the
property that it divides the plane into a domain Dÿ to the left
of L and a domain D+ to the right of L, Q(p) is defined and
continuous on L, Qÿ(p) is regular inDÿ and Q+(p) is regular
in D+. For our purposes, L extends to infinity and is the path
of integration in the spectral representation of the wave
constituents. It will be shown that under certain additional
restrictions the decomposition is accomplished by

Q� pð Þ ¼ �
1

2pi

Z

L

Q wð Þ

wÿ p
dw; p 2 D�: ðA2Þ

A sufficient condition for the right-hand sides of equation
(A2) to exist is

Q wð Þ ¼ O wÿqð Þ as wj j ! 1 along L; with q > 0: ðA3Þ

Under this condition, Qÿ is an analytic function of p that is
regular in Dÿ and Q+ is an analytic function of p that is
regular in D+. Now for an arbitrary point p = p0 on L define

Q� p0ð Þ ¼ � lim
p ! p0

1

2pi

Z

L

Q wð Þ

wÿ p
dw; p 2 D�: ðA4Þ

A sufficient condition for the limits on the right-hand sides of
equation (A4) to exist is that Q = Q(w) satisfies, on L, the
Hölder condition

Q w1ð Þ ÿ Q w2ð Þj j < A w1 ÿ w2j ja; A > 0; a > 0 ðA5Þ

for all w1 2 L and w2 2 L. Under this condition
[Muskhelishvili, 1953],

Q� p0ð Þ ¼
1

2
Q p0ð Þ �

1

2pi
PV

Z

L

Q wð Þ

wÿ p0
dw; p0 2 L; ðA6Þ

where PV
R

denotes the Cauchy principal value of the
relevant integral. From this it follows that Qÿ(p0) + Q+(p0) =
Q(p0) p0 2 L.
[74] To apply these results to the kernel factorization

problem, we take

Q pð Þ ¼ log K pð Þ½ �; ðA7Þ

where K(p) is given by equation (30). Through the way in
which we have constructed K(p), in particular its behavior
as jpj !1, log[K(p)] satisfies all conditions laid upon Q(p)
and hence we can take

K� pð Þ ¼ exp Q� pð Þ½ �; p 2 D�; ðA8Þ

with

Q� pð Þ ¼ �
1

2pi

Z

L

log K wð Þ½ �

wÿ p
dw; p 2 D�: ðA9Þ

In view of equation (A6) we have

Q� p0ð Þ ¼
1

2
log K p0ð Þ½ � �

1

2pi
PV

Z

L

log K wð Þ½ �

wÿ p0
dw; p0 2 L;

ðA10Þ

from which it follows that

Kÿ p0ð ÞKþ p0ð Þ ¼ K p0ð Þ; p0 2 L; ðA11Þ

as it should be. Since through equation (30) the kernel
function K = K(p) is defined everywhere in the complex p
plane when cut along the branch cuts {p 2 C; 1/cP < jRe(p)j
< 1/cS, Im(p) = 0}, the right-hand sides of equation (A9) can
be transformed into expressions that are more amenable to
numerical evaluation. To this end, the path of integration L
is, in the expression for Qÿ, supplemented by a semicircular

Figure 21. SH, time trace (v2) at x1 = 1.0, x3 = ÿ0.2 of the
pulse-broadened constituent; solid with Maxwell relaxation.

Figure 22. SH, time trace (v2) at x1 = 1.0, x3 = ÿ0.2 of the
pulse-broadened constituent; Zener solid.

ESE 10 - 18 DE HOOP AND DE HOOP: DIFFRACTION BY PERFECT-SLIP FRACTURE



arc of arbitrarily large radius in D+ and in the expression for
Q+ by a semicircular arc of arbitrarily large radius in Dÿ. In
view of Jordan’s lemma, the contribution from these circular
arcs vanishes in the limit as their radius goes to infinity.
Subsequently, Cauchy’s theorem is applied to the domain in
between the resulting closed contours and a loop around the
branch cut in D+ for Qÿ and a loop around the branch cut in
Dÿ for Q+. Taking into account that along these branch cuts
gP is imaginary and gS is real, we arrive at the following
expressions:

Qÿ pð Þ ¼ ÿ
1

p

Z 1=cS

1=cP

arctan
w2 w2 ÿ 1=c2P

ÿ �1=2
1=c2S ÿ w2
ÿ �1=2

w2 ÿ 1=2c2S
ÿ �2

" #

�
dw

wÿ p
; Re pð Þ < 1=cP ðA12Þ

and

Qþ pð Þ ¼ ÿ
1

p

Z 1=cS

1=cP

arctan
w2 w2 ÿ 1=c2P

ÿ �1=2
1=c2S ÿ w2
ÿ �1=2

w2 ÿ 1=2c2S
ÿ �2

" #

�
dw

wþ p
; Re pð Þ > ÿ1=cP; ðA13Þ

where for the last result a change of the variable of
integration into its opposite has been carried out. From the
expressions it follows that Qÿ(ÿp) = Q+(p) for all p.
[75] To circumvent possible difficulties in the numerical

evaluation of the right-hand sides of equations (A12) and
(A13) due to the occurrence of an algebraic square root
behavior near the end points of the integration interval, the
variable of integration is replaced by

w¼ 1=c2P
ÿ �

cos2 yð Þ þ 1=c2S
ÿ �

sin2 yð Þ
� �1=2

; 0 < y < p=2:

ðA14Þ
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