3

Acoustic, Elastodynamic, and Electromagnetic

Wavetield Computation—A Structured Approach
Based on Reciprocity

Adrianus T. de Hoop
Delft University of Technology
Delft, The Netherlands

Maarten V. de Hoop
Schlumberger Cambridge Research
Cambridge, England

The reciprocity theorems for acoustic, elastodynamic, and
electromagnetic wavefields in linear, time-invariant configurations show
a common structure that can serve as a guideline for the development of
computational methods for these wavefields. To this end, the wavefield
reciprocity theorems are taken as points of departure. They are
considered to describe the “interaction” between (a discretized version
of) the actual wavefield in the configuration and a suitably chosen
“computational state.” The choice of the computational state determines
which type of computational method results from the analysis. It is
shown that finite-difference/finite-element methods and integral-
equation/method-of-moment methods then do arise in a natural fashion.
Time-domain methods are taken as a point of departure; the relationship
with complex frequency-domain methods is indicated. In the total matrix
of possibilities some schemes seem as yet to be underexplored.

INTRODUCTION

Acoustic, elastodynamic, and electromagnetic wavefields share a number of common features in
their mathematical description. Their local, pointwise behavior in space-time is governed by a hyperbolic
system of first-order partial differential equations that are representative for the physical phenomena
involved on a local scale. When supplemented with initial conditions that relate the wave solution to its
excitation mechanism and boundary conditions across interfaces where the coefficients in the system
jump by finite amounts, the problem has a unique solution. The computational handling of the problem,
however, often starts from a “weak” formulation, where the pointwise, or “strong,” satisfaction of the
equality signs in the equations is replaced by requirements on the equality of integrated or weighted
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versions of the differential equations. The resulting expressions have a counterpart in physics that is
found in the pertaining reciprocity theorems of the Rayleigh (acoustic waves in fluids), Betti-Rayleigh
(elastic waves in solids), or H.A. Lorentz (electromagnetic waves) types. This observation has led to the
approach presented in the present paper, where the relevant reciprocity theorems are taken as points of
departure. Through them, a computational scheme is conceptually taken to describe the interaction
between the actual wavefield state to be computed and a suitably chosen “computational state” that is
representative for the method at hand, just as in physics the reciprocity theorems describe the interaction
between observing state and observed state, or quantify the reciprocity between transmitting and
receiving properties of any device or system (transducer in acoustics and elastodynamics, antenna in
electromagnetics, electromagnetic compatibility of interfering electromagnetic systems or devices). It is
also believed that through this point of view one is guided to developing computational algorithms for
each of the three types of wavefields in a manner that expresses the structures common to all of them.
Background literature on reciprocity can be found in some papers by A.T. de Hoop (1987, 1988, 1989,
1990, 1991, 1992) and in a forthcoming book (de Hoop, 1995).

THE BASIC FIELD EQUATIONS

We consider linear acoustic, elastic, or electromagnetic wave motion in some subdomain /2 of
three-dimensional Euclidean space R*. The configuration in which the wave motion is considered to be
present is assumed to be time invariant and linear in its physical behavior. The wave quantities involved
are found to satisfy certain reciprocity properties which will be taken as the point of departure for our
further considerations. Now, for the indicated type of configuration, there prove to be two kinds of
reciprocity theorem: one of the time-convolution type, the other of the time-correlation type. Several
operations on the wave quantities will occur throughout the paper. First, we shall introduce their
notation.

Notation

Cartesian coordinates x ={X,,¥,,X;} are used to specify position; ¢ is the time coordinate.
Differentiation with respect to x, is denoted by d,;d, is a reserved symbol for differentiation with
respect to £, The subscript notation for the vectorial and tensorial quantities occurring in the wave motion
will be used whenever appropriate; the subscripts are to be assigned the values 1, 2, and 3.

The characteristic function of the domain IJ is denoted by y,, and is given by

¥p(x)=1{1,1/2,0} for xe{D,dD, D'}, (3.1)

where 0 D is the boundary of [, and D' is the complement of DU d 1D in K2,
Let F = F(x,t) denote any space-time function. Then, the time reversal operator T is defined by

T(F)(x,1) = F(x,~1). (3.2)

It has the property :
9, T(F)=-T(d,F). (3.3)
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Let Q(x,r) denote another space-time function, then the time convolution C,(F,Q) of F and Q is
defined as

CEOmN = [ Feer)Qee—t)dr. 3.4)

It has the properties
C.(F.0)=C,(Q,F), (3.5)
C,(T(F), T@)=TC,(F,0), (3.6)
atCt(F:'Q):Ct(F:atQ):Ct(atF’Q)' (3.7)

The time correlation R, (F, Q) of F and Q is defined as

R(F.Q60= [, Flot)0(e 0t (3.8)

It has the properties *
R,(F,Q)=C(F,T(Q)), (3.9)
R,(0,F)=1TR,(F,0), (3.10)
J,R,(F,.0)=-R,(F,d,0)=R,(d,F,0). @3.11)

The First-order System of Wave Equations

Let the one-dimensional field matrix Fp =Fp(x,t)of the wave motion be composed of the

components of the two wavefield quantities whose inner product represents the area density of power
flow (Poynting vector). Then, F, satisfies a system of linear, first-order, partial differential equations of

the general form
(DI,P + MI,Pat)FP =0, (3.12)

where uppercase Latin subscripts are used to denote the pertaining matrix elements and the summation
convention for repeated subscripts applies. In (3.12), D, p is a symmetrical, block off-diagonal spatial

differentiation operator matrix that contains the operator o pin a homogeneous linear fashion that is

specific for each type of wave motion under consideration; M, , = M, p(x) is the medium matrix that
is representative for the physical properties of the (arbitrarily inhomogeneous, anisotropic) medium in
which the waves propagate, and Q; = Q;(x,?)is the volume source density matrix that is representative

for the action of the volume sources that generate the wavefield.

The medium parameters are assumed to be piecewise continuous functions of position. Across a
surface of discontinuity in medium properties, the parameters may jump by finite amounts. On the
assumption that the interface is passive (i.e., free from surface sources) and that the wavefield quantities
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must remain bounded on either side of the interface, the wavefield must satisfy the boundary condition of
the continuity type

N, pFp is continuous across sourcefree interface, (3.13)

where N, ,is the unit normal operator at the interface that arises from replacing d, in D;, by n,

where 7, is the unit vector along the normal to the interface.

For acoustic waves in fluids,
T
° FP=[P,V1’V2’V3] s
where p = acoustic pressure and v, = particle velocity, and

e O =[Q:f1;f2:f3]Ta

where g = volume source density of injection rate and f, = volume source density of force. For elastic
waves in solids,

T
[ ] FP = [Vl 5 v2 ) V3 ’—T],l ,—11‘2 ,—71,3 J—TZ,I ,_1«-2,2 ,_T2'3 ,—73'1 ,—'73,2 ,—73,3] .

where v, = particle velocity and 7, , = dynamic stress, and

T
e O = [flafZ:fsahl,l,h1,2ah1,3ahz,lshz,zahz,aaha,pha,z,ha,s] s

where f, = volume source density of force and %, ; = volume source density of deformation rate. For

electromagnetic waves,
o F, =[E,E, E,0~H,, Hy, Hy0~H,~H,, H.0],
where E, = electric field strength and H, = magnetic field strength, and
o O =[-JiTy-T 0Ky 127K, [ 2-K; 120K, 1 2,K, 127K, 1 20],

where J, = volume source density of electric current and K; = volume source density of magnetic

current. The structures of D; ,and M, , for the three types of wave fields are given in Appendix 3A.
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The Reciprocity Concatenation Matrices

In the reciprocity theorems to be discussed below, two diagonal matrices &5, and 8}, occur that

concatenate, out of the wavefields pertaining to two admissible states, their interaction. For acoustic
waves in fluids the diagonal matrix &, ; is given by

o &g = diag|l,-1,-1,~1],
for elastic waves in solids by
° 5@. ; = diag [1,1,1,—1,—1,—1,—1,—1,—1,—1,—1,—1],

and for electromagnetic waves by

e 05, = diag [111-1-1-1-1-1~1-1-1-1].
The diagonal matrix &7, is just the unit matrix:

o 85, =1forQ=1and 65’1 =0 for Q1.

For the reciprocity theorem of the time-convolution type to hold, a necessary and sufficient
condition proves to be

65:D1p ==063,D,,. (3.14)

This condition requires that the block-diagonal part of D, , be anti-symmetric and that its block off-

diagonal part be symmetric. For the reciprocity theorem of the time-correlation type to hold, a necessary
and sufficient condition proves to be

SE,IDI.P = 6-;’,JDJ,Q . (3.15)

This condition requires that D; , be symmetric. The two conditions are independent, but if they are
satisfied simultaneously, D; , is a symmetric, block off-diagonal matrix operator. For the three types of

wave motion considered in this paper, this is indeed the case. It is therefore conjectured that the indicated
structure of the spatial differential matrix operator could prove to be fundamental in order that a system
of first-order partial differential equations be representative for a physical wave motion. '

It is noted that the medium matrix M, , is not subjected to any restriction of this kind.
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Point-source Solutions; Green’s Tensors

In view of the linearity of the wave motion, the principle of superposition ensures that the wavefield
F,, that is generated by the volume source distribution O, can be written as the superposition of point-

source contributions through the use of a Green’s tensor. The latter is a solution of the system of
differential equations

(DI,P + MI,PaI)GP,I' =87 ,.6(x—x',1- 1), (3.16)

where 87 . is the unit matrix and &(x —x',¢ - 1) is four-dimensional Dirac delta distribution operative
at {x, t}= {x’ , t'}. In view of the time invariance of the medium, the Green’s tensor depends on ¢ and #
only through the difference t—1¢', e, Gpp = Gpp (x,x',t,t’) = Gp p(x,x',t —1"). The Green’s
tensor plays an important role in the embedding formulations of the wavefield problem.

THE RECIPROCITY THEOREMS

In the wavefield reciprocity theorems certain interaction quantities are considered that are
representative for the interaction between two admissible states of the pertaining wavefield in a given
(proper or improper) subdomain D of R*. Each of the two states applies to its own medium and has its
own volume source distribution. Let the superscripts 4 and Z indicate the two states, then the wavefields
in the two states are related to their respective sources via

(D, +Mfp0,)FE = 0f, (3.17)

(Dy g+ M350, )FE = 0F. (3.18)

Further, for each of the two states the boundary condition of the continuity type

N, ,F3 is continuous across sourcefree interface, (3.19)
N, QFQZ is continuous across sourcefree interface (3.20)

holds.

The Recipi'ocity Theorem of the Time-convolution Type

The local interaction quantity to be considered in the reciprocity theorem of the time-convolution
typeis 65 R, (D,’PF}{‘, FQZ)+ 0% /R, (FA , DJ'QFQ’) = 04D pR, (FPA , FQZ),where the property of (3.14)
has been used. With the aid of (3.17) and (3.18) this expression is rewritten as
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éél,D‘,,PC,(F;:‘,FQZ)+(SQ_IM;{P —5;,,M,Z,Q)8,C,(F;,4,FQZ)

3.21
= 65,C,(0f, F£)~ 53, (F¥.0%) o2l
Equation (3.21) is the local form of the reciprocity theorem of the time-convolution type. The global
form, for the domain D, of this theorem follows upon integrating (3.21) over the domain /2 and
applying Gauss’ integral theorem to the first term on the left-handed side over each subdomain of 12
where the field quantities are continuously differentiable. Adding the contributions from these
subdomains, the contributions from sourcefree interfaces of discontinuity in medium properties in the
interior of /2 cancel in view of the boundary conditions given in (3.19) and (3.20) and only a surface
integral over the boundary 012 of /D remains. The result is

fsp 0.1 pCi(FF 5 Jaa(x)
+[pl00.MEp - 87 M5 o )o,Ci(FE G |ar(x)

= jD[5é,[Ct(Qj4 Fg ) ~8p, JCt(Fﬁ‘,Qf )]dV(x). (3.22)

Equation (3.22) is the global form, for the domain 12, of the reciprocity theorem of the time-convolution

type.

The terms in (3.21) and (3.22) containing the medium matrices define the contrast-in-medium
contributions to the time-convolution interaction of the two states. They vanish at those positions where
So s Mfp =83, M%, = 0. If this condition holds, the media in the two states are denoted as each

other's adjoints. If the condition holds for one and the same medium, such a medium is denoted as self-
adjoint. An isotropic medium is always self-adjoint. The terms containing the volume source densities
yield the contribution from the volume sources to the interaction of the two states. They vanish at
sourcefree positions. ‘

In a number of applications (3.22) will be applied to the entire 9. Then, outside some sphere

S(O,A0 )With radius A, and center at the origin O of the chosen reference frame, the media in the two

states will be assumed to be the same and homogenous as well as isotropic. For such a medium, the
tensor Green’s function is known analytically and in particular the causal and anti-causal source-type

integral representations are known analytically. For the application of (3.22) to the entire R°, the
theorem will be first applied to a sphere S(O,A) of radius A and center at the origin O of the chosen

reference frame and the limit A — oo will be taken. If, now, in both states the wavefields are causally
related to the action of their volume source distributions (assumed to have bounded supports), the
integral over S(O,A) vanishes as A — oo, However, if one of the two states is causally related to the

action of its volume sources and the other anti-causally, the integral over S(O, A) does not vanish as
A — oo but has a constant value for sufficiently large values of A .
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The Reciprocity Theorem of the Time-correlation Type

The local interaction quantity to be considered in the reciprocity theorem of the time-correlation type is
oR; (DLPF;f , FQZ) +85 R, (F;DLQFQZ) =850 R, (F;‘ ,FQZ>, where the property of (3.15)
has been used. With the aid of (3.11), (3.17), and (3.18) this expression is rewritten as

85,1 R (Fi FE)+ (85, Mi's -85, M2, O R, (FF FS )

3.23
=65,R, (0, FF)+85 R (F#.0F) (3.23)
Equation (3.23) is the local form of the reciprocity theorem of the time-correlation type. The global form,
for the domain 12, of this theorem follows upon integrating (3.23) over the domain /2 and applying
Gauss’ integral theorem to the first term on the left-hand side over each subdomain of 12 where the field
quantities are continuously differentiable. Adding the contributions from these subdomains, the
contributions from interfaces of discontinuity in medium properties in the interior of /) cancel in view
of the boundary conditions given in (3.19) and (3.20) and only a surface integral over the boundary d.1)
of 1D remains. The result is

+ A 7
[0, 1,PRe (F P )"A(")
v A st 1,7 4 7
+J'D(5 My —5P,JMJ’Q)8th(FP F )dV(x)

- jp[é*é IRI(Qf,FQZ )+6}f,, R, (F;,‘I, 0% )}dV(x). (3.24)

Equation (3.24) is the global form, for the domain 42, of the reciprocity theorem of the time-correlation
type.

The terms in (3.23) and (3.24) containing the medium matrices define the contrast-in-medium
contributions to the time-correlation interaction of the two states. They vanish at those positions where
85 Mip =83 M 7, =0. If this condition holds, the media in the two states are denoted as each other’s
time reverse adjoints. (The “time-reverse” is reminiscent of the fact that “adjoint” applies to the
reciprocity theorem of the time-convolution type and that correlation can be considered as a compound
operation consisting of convolution and time reversal.) If the condition holds for one and the same
medium, such a medium is denoted as time-reverse self-adjoint. For an isotropic medium, the medium
matrix is diagonal; an instantaneously reacting isotropic medium is therefore always time-reverse self-
adjoint. The terms containing the volume source densities yield the contribution from the volume sources
to the interaction of the two states, They vanish at source-free positions.

In a number of applications (3.24) will be applied to the entire R3. Then, outside some sphere
S(O,AO) with radius A, and center at the origin O of the chosen reference frame, the media in the two
states will be assumed to be the same and homogenous as well as isotropic. For such a medium, the
tensor Green’s function is known analytically and in particular the causal and anti-causal source-type
integral representations are known analytically. For the application of (3.24) to the entire R?, the
theorem will be first applied to a sphere S(O,A) of radius A and center at the origin O of the chosen
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reference frame and the limit A — oo will be taken. If, now, in State 4 the wavefield is causally related
to the action of its volume source distributions, and in State Z the wavefield is anti-causally related to the
action of its volume source distributions (the volume source distributions being assumed to have

bounded supports), the integral over S(O, A) vanishes as A — oo, However, if both states are causally
related to the action of their volume sources, the integral over S(O,A) does not vanish as A — eo, but

has a constant value for sufficiently large values of A.

For the choice State 4=State Z and zero correlation time shift (i.e., t=0), (3.23) reduces to the
local energy balance for the wavefield and (3.24) to the global energy balance for the domain 12,
provided that M, , = M, ,. This implies that for the energy considerations pertaining to a physical

wavefield to hold, the medium matrix must be symmetric. In that case, also the quantity (1/2)M, ,F,F,

(whose time derivative occurs in equations (3.23) and (3.24)) should represent the volume density of
stored energy. For the latter, the symmetric medium matrix should, in addition, on physical grounds be
positive definite.

Reciprocity Property of the Causal Green’s Tensor

Equation (3.22) leads to a reciprocity property of the Green’s tensor. Let F;*¢ = Fi¢ (x,x',t) be
the causal wavefield in Medium 4 generated by the point source Q; =a;j'8(x —x',t) operative at
{x.1}={x",0}. Then (cf. (3.16)) F;*° =Gy, (x,x',t)af". Let, similarly, FF® = FF%(x,x",f) be the
causal waveﬁeld in Medium Z generated by the point source Q% = afS(x —x",t) operative at
{x.t}={x",0}. Then F}° = G} ,(x,x",t)a? . Take the media in the two states as each other’s adjoints,
Le., 85, M/, =38%,M%,, and apply (3.22) to the entire >, In this application, the contrast-in-media

term and the contribution from the “sphere at infinity” vanish. The result is
5;2,,G5,J (x’,x”,t)afaf = 5}’JG1’,{, (x",x',t)ajas forx'#x". (3.25)

Since (3.25) has to hold for arbitrary values of a;' and a’, we end up with
SQ’IGS’J (x',x",t) = 5},‘,(?}’,{, (x",x',1) forx'#x". (3.26)

Equation (3.26) is the reciprocity relation for the causal Green’s tensor.

EMBEDDING PROCEDURE, CONTRAST-
PROPERTIES FORMULATION

On many occasions the wavefield computation in an entire configuration is beyond the capabilities
because of the storage capacity required and the computation time involved. In that case, it is standard
practice to select a target region 1J,,, of bounded support in which a detailed computation is to be
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carried out, while the medium in the remaining part of the configuration (the embedding) is chosen to be
so simple that the wave motion in it can be determined with the aid of analytical methods. In particular,
this applies to scattering problems and to geophysical modeling, where the support of the model
configuration is often taken to be the entire R°. Examples of such simple embeddings are a
homogeneous, isotropic medium (chosen for most scattering configurations) and a medium consisting of
parallel layers of homogeneous, isotropic material (chosen in most geophysical applications). In these
cases, time Laplace and spatial Fourier transform techniques provide the analytical tools to determine the
wave motion or, in fact, the relevant Green’s tensor. Once the embedding has been chosen, the problem
of computing the wavefield in 1J,,, can be formulated as a contrast problem. For this, we proceed as
follows. :

The State 4 is introduced consisting of the Actual wavefield Fy, the actual sources QO that excite

it, and the actual medium M;fp in which the propagation takes place. Next, we introduce a State B
consisting of the wavefield FZ that the actual sources Qf = Qf would generate in the medium M, 7p of
the emBedding. Denoting the Green’s tensor of the embedding by Gf;, = G§; (x,x',), the latter

wavefield is expressible as

CORS

C; [Gﬁ 7(x.x'5), Qf (x' ,)] av(x) forxe®R’, (3.27)
Scr ’

where 1D, is the support of the sources that generate the wavefield in the actual configuration. From

Scr
the corresponding wavefield equations it then follows that

D, p(Fgt ~FE)+ M{p0, Ff — MP,0, Ff = 0. (3.28)

This equation can be rewritten in two ways as a wavefield equation for the Contrast state, to be denoted
by the superscript C, in which the contrast wavefield is

FS = F# —Fp. (3.29)

In one of them, the medium properties in the wave operator on the left-hand side are taken to be the ones
of the actual medium; this is typically done in the combination of the embedding technique with finite-
element or finite-difference modeling. In the other, the medium properties in the wave operator on the
left-hand side are taken to be the ones of the embedding; this is typically done in the integral-equation or
method-of-moments modeling. Both ways lead to a contrast-source formulation. The expressions for the
two cases are given below.

Contrast Formulation for Finite-element/Finite-difference Modeling

For the contrast formulation for finite-element or finite-difference modeling, (3.28) is, in
combination with (3.29), rewritten as

D, pFf + Mfpd F§ = OF, (3.30)
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with
Mf, = Mf, (3.31)

and
Of = —(Mf, - MB,)3,Fp. (3.32)

Note that in this contrast formulation, the contrast source density QF is known.
Contrast Formulation for Integral-equation/
Method-of-Moments Modeling

For the contrast formulation for integral-equation or methods-of-moments modeling, (3.28) is, in
combination with (3.29), rewritten as

DI,PFPC +MEP91FPC = QIC’ ‘ (3.33)

with
Mf, = MPp (3.34)

and
Of = —(Mfp - M2,)d, F4. (3.35)

Note that in this contrast formulation, the contrast source density Of is unknown, since F# is unknown.

In the two sections following, it will be indicated how these different states are used in the
reciprocity theorems of the previous section to lead to computational schemes for the evaluation of the
wavefields.

FINITE-ELEMENT/FINITE-DIFFERENCE MODELING

In finite-element/finite-difference modeling over an entire configuration occupying the bounded
domain I), the wavefield to be computed is the total wavefield. The latter is approximated by an
expansion of the type

N
Fi(x,0)= Y0, @0 (x,1) forxeD, (3.36)

n=1

where {CID[;];xe/D),teER,nzl,...,N } is an appropriate sequence of known, linearly independent

exf.:ansion functions with /D as their supports, and {a["] n=1....N } is the sequence of expansion

coefficients to be computed. In typical finite-element/finite-difference modeling the support of each
expansion function is an elementary subdomain of the (discretized) version of /2 (usually a simplex or a
complex). Further, boundary conditions as needed for the uniqueness of the solution in /2 are prescribed
on dI). Next, a sequence of “computational” states, denoted by the superscript Z, is selected, for which
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FE () {¥ ) (x 1)y x e Dyt e Fm= L., N}, (3.37)

where the right-hand side is a sequence of known, linearly independent weighting functions with D as
their supports. Finally, we take

Mj, =0 (3.38)
and hence
OF =D, Fj. (3.39)

Application of the earlier reciprocity theorems to the State 4 and the sequence of States Z leads to a
system of linear algebraic equations in the expansion coefficients.

Embedding Procedure

In case an embedding procedure is applied, the wavefield to be computed is the contrast wavefield.
The latter is approximated by an expansion of the type

N
FE(x,0)= %y[n]cp[;'] (x,t) forxeDD,,, (3.40)

where {@gﬁ'];xeﬂcm,,teiﬁ,n: ,....,N } is an appropriate sequence of known, linearly independent

expansion functions with 12, as their supports and {y 7= L...N } is now the sequence of expansion

con

coefficients to be computed. In typical finite-element/finite-difference modeling the support of each
expansion function is an elementary subdomain of the (discretized) version of D,,, (usually a simplex

or a complex). Further, “absorbing boundary conditions” as needed for the uniqueness of the solution in
D, are prescribed on 910 . These should model the radiation of the contrast wavefield into the passive

con
embedding. Next, a sequence of “computational” states, denoted by the superscript Z, is selected, for
which

Ff(x,t)e {‘I’g"] (x,1);x €D, ,teR,m= 1,...,N} , (3.41)
where the right-hand side is a sequence of known, linearly independent weighting functions with D, as
their supports. Finally, we take

Mj, =0, (3.42)

and hence
Qf =D, Ff. . (343)
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Application of the reciprocity theorems to the State 4 and the sequence of States Z again leads to a
system of linear algebraic equations in the expansion coefficients.

In finite-element/finite-difference modeling, the expansion and weighting functions are standardly
taken to be polynomials in the time variable and the spatial variables. Their vector and tensor
components in space can be organized such that the continuity conditions across an interface between
two different media are taken into account automatically, while leaving those components that are not
necessarily continuous free to jump by finite amounts. Such a procedure can be carried out consistently if
the simplex is taken as the elementary subdomain of the discretized configuration and a consistent linear
approximation within each simplex is used. Thus, the notions of “face element” and “edge element” for
arbitrary vectors and tensors have been introduced. For literature on the subject, see Mur and de Hoop
(1985) and Mur (1990, 1991, 1993) for the application to electromagnetic fields and Stam and de Hoop
(1988, 1989, 1990) for the application to elastodynamic wavefields.

METHOD-OF-MOMENTS MODELING

The integral-equation or method-of-moments modeling is invariably based on an embedding
procedure. As a consequence of this, the wavefield to be computed is the contrast wavefield. The latter is
approximated by

N
FE(x,0)= XYy, @5 (x,1) forxeD) (3.44)

con>
n=1

where {CI)[;] (x,t);xe D

con’

teR,n = 1,...,N } is an appropriate sequence of known, linearly

independent expansion functions with 12, as their supports, and {y (n]3? = L...,N } is the sequence of

expansion coefficients to be computed. The contrast source density is written as
Of = ~(Mf'p — M}, )3, FF —(Mfy — M}, ), FS, (3.45)

in which the first term on the right-hand side is known and the second term on the right-hand side is
unknown. Next, a “computational” state, denoted by the superscript Z, is selected, for which

0% (x,t)e {\Pﬁ”’] (x,thxeD,, teRm= 1,...,N} for xe D (3.46)
85, MPp = 83, M%, (3.47)

and
FAm ,t) = C [GZ x,x', gl X' ]dV x) forxeR? 3.48
Q(x)J.DcontQ,J( ¥ v (x) S (3.48)

Substitution in the earlier reciprocity theorems then leads to a system of linear, algebraic equations in the
expansions coefficients.
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COMPLEX FREQUENCY-DOMAIN
MODELING OF WAVE PROBLEMS

Although the real, physical wave phenomena take place in space-time, it can under certain
circumstances be advantageous to parametrize the problem in the coordinates in which shift invariance in
the configuration occurs. Since we have assumed that our configurations are, apart from linear, time-
invariant in their physical behavior, such a procedure certainly applies to the time coordinate. Moreover,
in this coordinate the principle of causality applies. In view of these two aspects, the time Laplace
transformation performs the appropriate parametrization in the time coordinate. For any causal, bounded

function Q; = Q;(x,#) with temporal support {t € R;#>#,} this transformation is

~

0;(x,s) = J.:;O exp(—st)Q; (x,t)dt  for se C,Re(s)>0. (3.49)

Here, s is the time Laplace transform parameter or complex frequency. The time Laplace transformation
has the following properties:

A

d,=s, (3.50)

7(0;) = 0y(x.-s), (3.51)
C(Fr Q1) = Fp(x,9)0i(x.9), (3.52)
R (Fp0,) = Fp(x,5)0; (x,-s). (3.53)

In view of Lerch’s theorem (Widder, 1946), the correspondence between {QI (x,8,38, =

Sy +nh,s, €R,50>0,heR,A>0,n=0,1, 2,...)} and Ql(x,t) for t>t, is unique. Using these
properties, the space-time wave motion can be recovered after having solved a sequence of space

problems with appropriate values of the time Laplace transform parameter. For recent results in this
direction, see Lee et al. (1994).

CONCLUDING REMARKS

In the preceding two sections it has been indicated how finite-difference/finite-element methods and
integral-equation/method-of-moments methods for the computation of wavefields can be envisaged to
arise from the time-convolution and time-correlation type reciprocity theorems pertaining to these
wavefields. This does not mean that all possibilities in this respect have found application as yet. Apart
from the different choices that can still be made in the selection of the sequences of expansion and
weighting functions, it also happens that, for example, the application of the reciprocity theorem of the
time-correlation type to the integral-equation modeling of forward wave scatitering problems has, as far
as the present authors are aware, not been pursued yet. This is the more remarkable since this theorem
finds prime application in the modeling of inverse scattering problems and has been extensively used in
this realm. Whether or not the missing applications in a total matrix of possibilities might lead to better
algorithms remains to be investigated.
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APPENDIX 3A. STRUCTURE OF THE SPATIAL DIFFERENTIAL OPERATOR

In this appendix the structures of the spatial differential operator and the medium matrix in the
system of (3.12) for acoustic waves in fluids, elastic waves in solids, and electromagnetic waves are
given.
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Acoustic Waves in Fluids

For acoustic waves in fluids, the spatial differential operator in the system of (3.12) has the following
form:

0 d, 9, d,
14, 0 0 O
[D]= 2 0 0 0 (3.A1)
d; 0 0 0
The medium matrix is given by
[M]{K 0 } (3.A2)
0 pk,r ’ .

where k is the compressibility and p, . is the volume density of (inertial) mass.

Elastic Waves in Solids

For elastic waves in solids, the spatial differential operator in the system of (3.12) has the following
form:

__1 row/col dia
[o]= 2([o ] [, (4
in which
00 0] [d 9 d] o 0 010 0 0
000/ [0 0 0|]|d 9, a5/ |0 0 0
000/ |0 0 0|0 o ofld 9, 95
9, 0 0] T[o 0 0 [0 0 0] [0 0 0]
9, 0 0 00 0 00 0 0 0 0
2 0 0 00 0 00 0 00 0
[Drow/col]= L3 E 3 - - - - - (3A4)
0 9, 0 0 0 0] 000 0 00
09, 0 0 0 0 00 0 0 0 0
0 9, 0of L0 00 0 0 0] 0 0 0
00 9] fooo0] [oo00] [0 o0 0
00 9, 00 0 000 00 0
o 0 9] 0 0 0] 0 0 0 0 0 0] |
and
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[ fooo] [ 0 0][a, 0 0][a, 0 o
000 0 9, 0[]0 3, 0|0 3, o0
000 0 0 9] [0 0 9,] [0 0o 2,
d, 0 01 To o 0] [0 0 0] 0 0 0]
0 9, 0 000 000 000
[Dd"“g]= rO 0 9] 0 0 04 0 0 0 |10 0 0] (3.A5)
d 0 0] To oo [0 0 0] [0 0 0]
0 9, 0 000 000 000
0o 0 a,| 00 0 0 0 0] 0 0 0
[0, 0 0] Tooo] [ooo] [oo0 0
0 9, 0 0 00 0 00 0 00
0 0 9,] 00 0 0 0 0] 0 0 0
The medium matrix is given by
pkr 0 :|
M]=|"k , (3.A6)
[ ] [ 0 Si,j,p,q
where p, . is the volume density of (inertial) mass and S, ; , / is the compliance.
Electromagnetic Waves
For electromagnetic waves the spatial differential operator in the system of (3.12) is given by
— 1 row/col dia|
[D]—E([D |- [p%=]). (3.A7)
The medium matrix is found to be
| €y 0
[M]—[ 0, /2}, (3.A8)

where &, , is the permittivity and i, , is the permeability.
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