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A similarity analysis is carried out on the elastic wave motion in a dissipative solid under
a global relaxation law. The solid is taken to be arbitrarily inhomogeneous and
anisotropic. Global relaxation laws consisting of the combination of a frictional-force and
a viscosity type are assumed to apply to the inertia and the compliance properties of the
solid, i.e., the time derivatives in the first-order coupled wave equations are replaced by a
relaxation operator with a constant coefficient. It is shown how in such a dissipative
solid the elastic wave motion generated by arbitrary force type or deformation-rate type
source distributions with bounded support is related to the wave motion in the lossless
counterpart of the configuration. The similarity relation is based upon the Schouten-Van
der Pol theorem in the theory of the one-sided Laplace transformation. As such, the
similarity analysis generalizes earlier results obtained by Chao and Achenbach.

INTRODUCTION

The mathematical modeling of elastic wave phenomena
is usually, in the first instance, carried out under the as-
sumption of negligibly small losses in the solid in which
the waves propagate. In practice, however, often attenua-
tion and dispersion in the wave phenomena are observed.
These must be attributed to some, in many cases as yet
unknown, dissipation mechanism. Now, for each particu-
lar dissipation mechanism to be considered in the math-
ematical description of the wave propagation, the calcu-
lations or computations have to be carried out anew. Es-
pecially if one is still at the initial stage of investigating
whether or not a particular dissipation mechanism can
explain the observed attenuation and dispersion phenom-
ena, this is an awkward situation. Out of this situation
the question arose whether there exists some dissipation
mechanism, with possibly one or two adjustable parame-
ters, in the presence of which the propagated waves could
be evaluated by some simple additional operation to be
carried out on the already obtained answer for the loss-
less case. In the present contribution this is'shown to be
the case for a particular global relaxation law.

The solid under consideration is taken to be arbitrar-
ily inhomogeneous and anisotropic, Global relaxation
laws consisting of the combination of a frictional-force
and a viscosity type are assumed to apply to the inertia
and the compliance properties of the solid, respectively,.
i.e., the time derivatives in the first-order coupled elastic
wave equations are replaced by relaxation operators with
constant coefficients. It is shown how in such a dissipa-
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tive solid the elastic wave motion generated by arbitrary
force type or deformation-rate type source distributions
with bounded support is related to the wave motion in
the lossless counterpart of the configuration. The simi-
larity relation is based upon the Schouten-Van der Pol
theorem (Schouten 1934, Van der Pol 1934, Van der Pol
and Bremmer 1950, Van der Pol 1960, Schouten 1961) in
the theory of the one-sided Laplace transformation. As
such, the similarity analysis generalizes results obtained
by Chao and Achenbach (1964).

BASIC EQUATIONS FOR ELASTIC WAVE
MOTION

The basic equations governing the linearized elastic wave
motion generated by arbitrary sources in an inhomoge-
neous, anisotropic, dissipative solid are

foo (1)

'Az',m,p,qamTp.q + G'Ct(#k,n Up; X, t)

—

hij. (2)

A;“,‘j.n.raﬂ vr = 0:Ce(Xi,5,p,0> Tpr05 X, 1)

-Here, x = {21, x2, 23} are the Cartesian coordinates of a

point of observation in three-dimensional Euclidean space
R3, t is the time coordinate (¢ € R), 8, denotes dif-
ferentiation with respect to z,,, & is a reserved symbol
denoting differentiation with respect to ¢, and C; denotes
time convolution:

Cilf, 0 %,t) = /m fx, t)glx,t )t (3)
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The quantities in Egs (1) - (2) have the following mean-

ing:
® Tpq = stress,
e v, = particle velocity,
e fi = volume source density of force,
o h; ; = volume source density of deformation rate,
® 4, = inertia relaxation function,

® Xi jp,g = compliance relaxation function.

Further,
A;FJ g = (1/2)(6"1P6qu + 6")46.7.)?) (4)

is the symmetric unit tensor of rank four and §;,; is the
symmetric unit tensor of rank two (Kronecker tensor:
6ij =1ifi =j, &; = 0if i # j). The subscript no-
tation of Cartesian vectors and tensors is used and the
summation convention (with subscript range 1:3) applies.
The causality of the reaction of the medium entails the
causality property

Brr(x,8) =0 and xijp,e(x,2) =0 fort<O0andallx.
- (5)

For a lossless solid, we have

prr(X,t) = prr(x)8(2), (6)

Xijpg(Xt) = Sijpe(x)6(2), (7)

where §(t) is the one-dimensional Dirac distribution op-
erative at ¢ = 0, and

e pr = volume density of mass,

e S;jp.g = compliance.

For a solid with frictional-force/viscosity losses, we have

pes(x,1) = pr(x)8(t) + Ky r(x)H(2), (8)

Xispa(ot) = Siipa®)8(t) + Tipg(HE), (9)

where H(t) is the Heaviside unit step function (H(¢) =
{0,1/2,1} for {t < 0,1 =0, > 0}), and

e Kj , = coefficient of frictional force,

e T jp,q = coefficient of viscosity.

In any subdomain of the configuration where the con-
stitutive relaxation functions {4, Xi,j,p,¢} and the vol-
ume source densities {f, h;,;} are continuous, the acous-
tic wave quantities {7pq,vr} are continuously differen-
tiable. Across an interface of discontinuity in mechanical
properties where the solids on the two sides are in rigid

contact, the elastic wave quantities satisfy the boundary
conditions of the continuity type

Af ‘mp,VmTpe and vr  continuous across interface,

(10)
where v, is the unit vector along the normal to the in-
terface. On the boundary surface of an elastodynami-
cally impenetrable object, either of the following bound-
ary conditions holds:

hmAk mpgVmTpg(X + by, t) = (11)

on the boundary of a void, or

]’ngvr(x +hv,t)=0 (12)

on the boundary of an immovable perfectly rigid object,
where v is the unit vector along the outward normal to
the boundary of the impenetrable object.

We assume that the sources start to act at the in-
stant ¢ = 0. The elastic wavefield that is causally related
to the action of the sources then vanishes throughout the
configuration for ¢ < 0.

Through the point-source solutions (Green’s func-
tions) of the elastic wave problem, the wavefield quan-
tities can be expressed in terms of the source densities.
Let the latter have the bounded support D, then

“ta®s) = [ G i)
Xe

+ GGt hij;x',x,1)]dV, (13)

2:9,3,3,!
(¥t = / [CH(GY,, fii %, %,1)
XeD

+ C(Gh; ki X, x,1)dV,  (14)

in which {G} k,,G, t}= {G, q k1 Gr! vf }(x', x,t) satisfy
the system of equatlons

k ,m,p, qa’ GT P,k +atct(/"'k T’Grj;c”x x t)

= b 10(x' — x,1), (15)

A+ 0’ G:'fkl - atct (Xi,j,p,q) G;:fq,k'; X/, X, t)

’])n T

=0, (16)
with a point source of force, and {Gp"q i1 G ’,,J,} =
{Gp p,q, ,J/,G,,,J, (', x, t) satisfy the system of equations

AT 10,0 Gty it gt + OCa(paie, Grir i3 ¥y %,2)
=0, (17)




a, Gr XN L 3¢C; (xiyjrplq’ G;’hq".,'j,;xl, X, t)

y.‘h" r

—A;Jn

i 510 —x,1), (18)
with a point source of deformation rate. In these equa-
tions 8, means differentiation with respect to z}, and
6(x’ — x, t) is the four-dimensional Dirac distribution op-

erative at X = xand t = 0.

THE COMPLEX FREQUENCY DOMAIN
ELASTIC WAVE EQUATIONS

The key issue of the similarity analysis to be carried out
is found in the time Laplace transform domain or com-
plex frequency domain. Therefore, we need the complex
frequency domain counterparts of the equations of the
previous section. With

By(x, 8) = /:; exp(—st)vr (x, 1)dt (19)

and similar relations for the other quantities, together
with the properties 6, = s for zero-value initial condi-

tions and A X
Ct(f) 9 x!t) = f(x7 s)g(x, S), (20)
Egs (1) and (2) change. into
—Az‘,m,p,qam'f'p,q + Ck,rﬁr = fk: (21)
A;":j,n,ran ‘3,- - ﬁ"ijpxqi—?,q = ili'j, (22)
where
ékﬂ'(x’ §) = sf,r(x,s), (28)
Bijpg(X:8) = 8%ijp,e(%, 4""): , (24)

while Eq (10) changes into

+ A A ] s
A mpqVmipq and &, continuous across interface,

(25)
and Eqs (11) and (12) into
I’lilixgumfp,q(x + hv,s) =0 (26)
on the boundary of a void and
’lhiﬁ)lf)r (x+ hv,s) =0, 27)

on the boundary of an immovable perfectly rigid object,
respectively.
Further, Eqs (13) and (14) change into
/ [G;'{]’k(x’, x, §) fi(x, 8)
XeP

~+qu (x” s) =

+

Th
GP

i (XX, s)h j(x,s)]dV, (28)
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Bp(x', 8) / [G:,j,: (', x,5) fi(x,5)
XeD
+ Grhi(e,x, 3)72i,j(x, S)]dV, (29)
in which {G}, q Gl = {Gp okt G ok (K, x, 5) satisty
the system of equatlons

A+,mpqa’ qu’+<"' rk'
= &k 0(x" ~ x), (30)
a J,ﬂ ra/ Gr K~ ﬁi:j,P;QGp,q,k’ =0, (31)

with a point source of force, and {G’ q,;,J.,G',’,’},,j:} =

{G;,I:z,u,zr, G,., 4 ;1 }(X', %, 5) satisfy the system of equa-
tions
,m,p,qa’ G | RINY +Ck rGr i = 0, (32)
.J n ra' Gr FIR L f)i,j,p,qé;"hq"-,'j,
— A‘ J .IJI6(x — x), (33)

with a point source of deformation rate. In these equa-
tions 0y, means differentiation with respect to z/,, 6(x —
x’) is the three-dimensional Dirac distribution operative
at x' = x, and the property §(x — x/,t) = 6(x’ — x) has
been used. ‘
For a lossless solid, we have, on account of Eqs (6)

and (7)

fk,, (x,8) = (34)

5P, r(X),
fijpq(%8) = $5i,p,4(X), (35)

while for a solid with frictional-force/viscosity losses we
have, on account of Egs (8) and (9),

ir(x,8) = 8pa,p(%) + Ki,e(x), (36)
ip,a(X:8) = 85ip,a(x)+Tijpe(x). (37)

For a global relaxation law, the coefficients in Eqs (36)
and (37) are interrelated through

Kipr(x) = apr(x) forallx, (38)

Lijpa(X) = BSijpq(x) forallx, (39)

where « and £ are arbitrary, non-negative constants. Un-
der these conditions, Eqs (36) and (37) change into

G (s + a)pr,r(x),

i

(40)

(5 + B)Sijp,e(X). (41)

T.5.p.q
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These expressions will be used in our further similarity
analysis. Obviously, a= B = 0 corresponds to the loss-
less case. o

SIMILARITY ANALYSIS IN A SOLID WITH
GLOBAL FRICTIONAL- FORCE/VISCOSITY
RELAXATION PARAMETERS

The similarity analysis will be carried out for the wave
motion governed by the two-parameter system of elastic
wave equations

—A;c}-,m,p,qa'_n‘rl’:q + Pk,r(a + ai)vr Ir, (42)

1l

Ontr — Sijpg(B+ 0T, =

The pertaining source-type integral representations for
the wavefield quantities are written as (cf. Eqs (13) and

(14))

—p (X 5, 8) =

hig. (43)

1],111'

./XEA'D[Ct(G;:fq'k’ fk;x,: X, t; «, ﬂ)

+ G pq’”,h Bx, %t a,B)ldV,

(44)

vn(x e, f) = /XD[C:(G;',fk,fk;X’,x,t;a,ﬁ)
€

) + Ci(Ger7 ,J;x’!x)t; a)ﬂ)]dv

(45)

in which the Green’s function satisfy the equations (cf.
Egs (15) - (18))

k mr?)qa' GT! k! + Pk T(a + at)Gr k?

= 6k,k:6(x' - X, t), (46)
A;!.] n ral r k' Sz,],p,q(ﬂ + a‘)G p,q,k
=0, (47
and
=0, (48)
Atjrntra:‘agy):’y)" - S"J.P:'I(ﬂ + 0‘)G;hq,t',j’
= Ay = x,1), (45)

The complex frequency domain counterparts of Eqs (46) -
(49) are obtained upon taking the time Laplace transform
of these equations; under this operation J; is replaced by
the factor s. The relevant result is rewritten as

AY g iOinl(s + B2G 1]
+(5+ )% (s + @) pr (s + @)1 2GYL)
= (s+ )"/ 26 pi6(x’ — x), (50)
841(s + o) /2G)

:Jy“ r

—(s+ a)llz(s + 5)1/251,1,17,«[(3 + 5)1/2 P k']

=0, (51)
and
,m P 'Ia, [(8 + ﬁ)I/ZG;’:I i’ ]
+(s + B)12(s + &) ?pi o [(s + @) 2GTH 1]
=0, (52)
Ao nBul(s + )Gk 1)

~(s+ @)% (s + B)M2S; j p.gl(s + B) /2 Gt i134]

= (s -+ ﬁ)l/2A‘ K] ,:J,é(x' et X). (53)

Upon comparing Egs (50) - (53) with the ones for a =
B = 0 (i.e., the case of wave propagation in a lossless

solid), it follows that

qu(x x,s;a,f)
=Gy LK x, (s + @) (s + £)M%50,0],  (54)
(s+ ﬂ)l/zG;’;, (X%, 80,8) = (s+ a)/?

x GTh X, x, (s+a)1/2{s+ﬂ)1/2;0,0], (55)
(s + ) 2)57'3,’,,(x’,‘x, s;, f)= (s + B)*/?
x GULIx %, (s + B)!/%(s + 0)/%0,0],  (56)

2wk
Grti(x'yx, 850, 0)




= (:?;’f}’j[x',x, (s+ﬂ)1/2(s+a)1/2;0,0]. (57)

In the right-hand sides, the complex frequency domain
Green’s functions for the lossless solid occur, but with
the time Laplace transform parameter s replaced by
(8 + @)'/2(s + §)}/2. The time-domain counterparts of
the latter functions follow from an application of the
Schouten-Van der Pol theorem of the time Laplace trans-
formation that relates two time functions whose Laplace
transforms are interrelated through the operations of re-
placing the transform parameter s by a suitable function
of s (Schouten 1934, Van der Pol 1934, Van der Pol and
Bremmer 1950, Van der Pol 1960, Schouten 1961). For
the present case, the consequences of this theorem are
worked out in the Appendix. Using the results of this
appendix, we obtain

G;;'q'k(x’,x,t;a, B =

t
[/ U1(t, a,,B)G;{q,k(x',x, 730, O)dTJ H(t)(58)
7=0

G;'I:I:"»J'(xl’xrt; a,f) = (a+06)

t
[/ Uﬂ(ta T Q, IB)G;,hg,i,j(x,: x,7;0, O)dT] H(t059)
=0
G;‘I’fk(x’7x7t; a’ﬂ) = (ﬂ + a‘)

¢
[/ Uo(t, 750, B)Gry (X', %, 750, O)dr] H(t), (60)
=0
Gk (%, b0, ) =

[/‘ Ui(t, r; a,ﬁ)G;’,’}J(x’,x, T;0, O)dr] H(t)(61)
=0 .
in which

Ui(t,750,8) = =8, Uo(t, 75, B), (62)
with

U(t, 75 @, B) = exp[—(a + B)t/2]

xIo[(18 - al/2)(#* - ) 2| H(t — 1),  (63)

where I denotes the modified Bessel function of the first
kind and order zero and H is the Heaviside unit step func-
tion. In Eqs (58) - (61) care has to be taken to include
in the results the Dirac distribution due to the differenti-
ation of the Heaviside unit step function occurring in Eq
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(63) and operative at = ¢. Eqs (58) - (61) show how
the Green’s functions for the dissipative case are related
to the Green’s functions of the lossless case. For the case
considered, the mutual relationship is fairly elementary
and involves, after carrying out the differentiations an-
alytically, only single integrations. In this respect it is
important to notice that the changes in wave forms that
do occur in the presence of losses are, in general, different
for the different wave field quantities and for the differ-
ent types of sources. Only Gr'fq ¢ and Gi% . undergo a
common modification as Eqs (58) and (61) indicate.

CONCLUSION

Through the Schouten-Van der Pol theorem of the time
Laplace transformation, a relationship has been derived
between the Green’s functions of the elastic wave gen-
eration by known sources in an arbitrarily inhomoge-
neous and anisotropic, lossless solid and the Green’s func-
tions pertaining to the corresponding dissipative solid
with two global relaxation parameters related to frictional
force/viscosity losses. The two parameters are adjustable
and can be used in the explanation of attenuation and
dispersion phenomena occurring during the elastic wave
propagation in a dissipative solid with an as yet unknown
loss mechanism.
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APPENDIX : THE SCHOUTEN - VAN DER
POL THEOREM FOR THE REPLACEMENT
OF s BY (s + a)/2(s + g)/? :

Let G(¢;0,0) be a known, causal function of time with
support {t € R;t > 0} and let
(=]
G(s;0,0) =/ exp(—s7)G(r,0,0)dr (A1)
7=0

be its Laplace transform. Let, further,

G(s; o, B) = Gl(s + )!/*(s + )*/%;0,0],  (A.2)

then
G(s; e, B) = / " expl—(s-+a)/2(s +8)27G(r,0,0)dr.
= (A.3)

To arrive at the time-domain counterpart G(t;«,8) of
G(s;a, ), we observe that (Abramowitz and Stegun
1964)

expl—(s + &)'/*(s + )!/?7]

= /m exp(—st)Ui(t, m; , f)dt, (A4)
t

=7
in which

Ui(t, e, B) = =0, Up(t, 750, B), (A.5)
with

Us(t, 73, ) = expl—(a+ B)t/2]

xIo[(|8 — a|/2)(#* — rz)‘/z]H(t ~7), (A.6)

where Iy denotes the modified Bessel function of the first
kind and order zero and H is the Heaviside unit step

function. Using Eq (A.4) in Eq (A.3) and employing the
uniqueness of the time Laplace transform (Lerch’s theo-
rem (Widder 1946)), we end up with

C Gt a,B) = [/1;0 U@, 7, a, B)G(T; 0, O)dr] H(),

(A7)
where care has to be taken to include the Dirac distribu-
tion operative at 7 = ¢ due to the differentiation in Eq
(A.5) of the Heaviside unit step function occurring in Eq
(A.6). Further we use the results that

2,
(o) Ge+ o)1+ £)/%50,0
Gl(s + o025 + £)"%0,0

o+ 755 + 5777

=(a+5)

= (a+8:)Uo(t, 75, B) (A.8)

and

: Y2,
%G[(s +a) (s + 6)'/%;0,0]
Gl(s + «)/*(s + 8)*/%;0, 0]

=(B+5s) (s + &)12(s + B)I/2

= (8 + 8:)Uo(t, 73 2, B), (A.9)

where the property

exp[=(s + (s + §)71]
G +a) /(s + A2

has been used. These results are used in the main text,

Uo(t,m;a,8) = (A.10)



