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Synopsis: A reciprocity relation between the transmitting and the receiving propertieé of an antenna is given.
In the transmitting situation a certain part of the antenna, called ‘source domain’, is capable of carrying external
currents, both of the electric and the magnetic type. In the receiving situation a plane electromagnetic wave

is incident upon the antenna system.

In particular, the reciprocity relation is applied to a microwave antenna system in which the feeding waveguide

operates in more than a single mode.

1. Introduction

One of the basic theorems in the electromagnetic theory of
antennas is a reciprocity relation between the transmitting and
the receiving properties of an antenna. The customary form of
this reciprocity relation (see, for example, [1]) applies to two
different antennas, a finite distance apart, each of them playing
in turn the role of transmitting antenna or receiving antenna.
In technical applications, however, one frequently employs the
reciprocity theorem to relaté the radiation pattern of a trans-
mitting antenna to the pattern of the same antenna when it is
receiving an incident plane wave. Clearly, for the latter problem
a reciprocity. theorem applicable to a single antenna is required.
Now, such a reciprocity theorem can be obtained from the
aforementioned reciprocity theorem applicable to two separate
antennas by letting the mutual distance between the antennas
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become very large and considering the limiting form of the rela-
tion between the electromagnetic field quantities involved. How-
ever, a reciprocity theorem applicable to a single antenna can
also be obtained directly, without having to resort to the cor-
responding problem for two separate antennas; this has been
shown by the author in an earlier paper [2].

In the present paper the relevant reciprocity theorem, and the
conditions under which it holds, are briefly stated, whereupon
the application to a microwave antenna system is worked out
in detail.

2. Description of the configuration

The antenna system under consideration occupies a bounded
*domain ¥ in space; the boundary of ¥V is a sufficiently regular
closed surface S. The Cartesian co-ordinates of a point in space
are denoted by x, y and z, the time variable is denoted by ¢.
The position vector is denoted by r. The electromagnetic fields
occurring in the transmitting as well as in the receiving situation
are assumed to vary sinusoidally in time with the same angular
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frequency o. The complex representation of the field vectors is
used; in the formulas the complex time factor exp (—iw?), com-
mon to all field components, is omitted.

The antenna consists of a (partly lossy) medium whose elec-
tromagnetic behaviour is assumed to be linear. The properties
of the medium may suddenly change when crossing a (bounded)
surface; across such a discontinuity surface the tangential parts
of both the electric and the magnetic field vector are continuous.
Other parts of the antenna system may consist of conducting
surfaces. These surfaces ate assumed to be electrically perfectly
conducting; on them the tangential part of the electric field
vector vanishes. )

In the transmitting situation a subdomain V. of V' is capa-
ble of carrying ‘external’ currents, both of electric and magnetic
type. These external currents represent the sources through
which power of nonelectromagnetic origin can be delivered to
the system. The boundary of ¥, .. is a sufficiently regular
closed surface S, ... In the receiving situation no external cur-
rents are present in the antenna system.

The medium outside the antenna system is assumed to be
linear, homogeneous, isotropic, and lossless (which includes the
case of free space) with real scalar permittivity &, and real scalar
permeability pt,.

In the following E, H, D and B denote the space and fre-
quency dependent complex representations of the electric field
vector, the magnetic field vector, the electric flux density and
the magnetic flux density, respectively. The superscripts “T° and
‘R’ are used to denote the transmitting and the receiving situa-
tion, respectively.

3. The antenna as a transmitting system

In the transmitting situation the antenna carries time harmonic
external currents. Let JT be the volume density of external
electric currents and let KT be the volume density of external
magnetic currents; JT and KT differ from zero in V. only.
In ¥ the electromagnetic field vectors satisfy the inhomogeneous
Maxwell equations:

rot HT + ioDT

Il

3T » 3.1)

ot ET — ioBT = —KT (3.2)

and the constitutive equations which express (D”, BT) linearly
in terms of (E, H™). Further, the tangential parts of both ET
and HT are continuous across a surface of discontinuity in
material properties. In the domain outside the antenna system
ET and HT satisfy the homogeneous Maxwell equations:

rot HT + iwg,ET = 0, (3.3)
rot ET — iop H = 0. (34

In addition, the transmitted field satisfies the radiation condi-
tions (Cf. [3]). As a consequence the following representation
holds at large distances from the antenna system:

2

E'(rp) ~ F(tp)exp(ikory)/4nry, ! (3.5)
H(rp) = (eq/mo)? p x FT) exp (ore) /4nre, (3.6)
in which:

) (eo,uo)% = 27/dqs (3.7

where 1, is the wavelength, £, 2 1, /rp is the unit vector in the
direction of observation and r, is the distance from the origin
of the coordinate system to the point of observation P. The
vectorial amplitude radiation characteristic F” of the antenna
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system only depends upon the direction of observation £, and
is transverse with respect to the direction of propagation of the
expanding spherical wave generated by the antenna, i.e. fp -FT
= 0. Further, FT can be expressed in terms of the value the
tangential parts of ET and HT have on the boundary surface S
of the antenna system (for details, see [2]).

4. The antenna as a receiving system

In the receiving situation a time harmonic plane electromagnetic
wave is incident upon the antenna system. Since iri the receiving
situation the antenna carries no external currents, the electro-
magnetic field vectors satisfy in ¥ the homogeneous Maxwell
equations:

rot HR + ioD® = 0, 4.
rot EX — iwB® = 0, 42)

and the constitutive equations which express (D¥, B®) linearly
in terms of (EX, H®). Further, the tangential parts of both E}
and HY are continuous across a surface of discontinuity in
material properties. In the domain outside the antenna system
the scattered field (E°, H) is introduced as the difference be-
tween the (actual) total field (E®, H®) and the incident field
(B!, HY, the latter field being the electromagnetic field that
would be present if the antenna system were absent:

E 4L ER — Bi, H' &L H® — H. (4.3)
The incident field is the plane wave:

El = Bexp(—ik,B 1), (4.9)
H' = (ey/u;)* B x B) exp (—ikoB - 1), 4.5)

where B specifies the amplitude and the state of polarization
(in general, elliptic) and — B is the unit vector in the direction
of propagation. Since the wave is transverse, we have B - g=o.
In the domain outside the antenna system both the incident
and the scattered field satisfy the homogeneous Maxwell equa-
tions:

rot H"S + jwe E>® = 0, ’ (4.6)
rot E'* — jwu HY = 0. 4.7

In addition, the scattered field satisfies the radiation conditions
(CE. [3D).

5. The reciprocity relation

The reciprocity relation is obtained by an application of Lo-
rentz’s reciprocity theorem of electromagnetic fields [2]. This
theorem can be applied, provided that the electromagnetic prop-
erties of the medium present in the transmitting situation and
those of the medium present in the receiving situation are inter-
related in such a way that at all points in space the relation:

E*-DT—ET-D* —H*- BT+ HT-B*=0 G.1)

holds. In the domain outside the antenna system this is obviously
the case, as the constitutive equations are here simply D = £,E
and B = pH, both in the transmitting and in the receiving
situation. In the antenna system the situation may be more
complicated. Equation (5.1) holds without change of the prop-
erties of the medium if the medium is reciprocal. In all other
cases the medium is non-reciprocal, and a change in properties
has to be made when switching from transmission to reception,
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and vice versa. When, for example, unidirectional devices are
present, the direction of blocking is to be reversed. It is noted
that in the general theorem non-reciprocal media as well as
media showing the magneto-electric effect 4] are included.

Employing the integral representation of FT indicated in
Section 3, application of the reciprocity theorem to the domain
outside the antenna system leads to:

IISET x H® — ER x HT) - nd4 = (iop,) 'B-F'B), (52)

where n denotes the unit vector in the direction of the outward
normal to S. Application of the reciprocity theorem to the
domain ¥ occupied by the antenna system leads to:

JIETxHY — ERxH") - ndd =
=fffy  @"-ER® — KT -H¥dy. (5.3)

source

As the left-hand sides of (5.2) and (5.3) are equal, these equa-
tions can be combined to:
I§fv  (@T-EBR = KT-H¥AV = (iwuy) " 'B-FTB). (5.4)

source
Details of the proofs are given in [2].

The reciprocity relation for a particular antenna system at
hand can be obtained from either (5.2), (5.3) or (5.4). Which
one of these equations is to be selected as a starting point,
depends mainly on where the information concerning the an-
tenna properties is needed. In the next section this will be il-
lustrated for a microwave antenna system where the field quan-
tities are measured in a uniform section of the cylindrical wave-
guide feeding the antenna system (see also [5]).

6. Application to a microwave antenna system

In this section we discuss the application of the reciprocity
theorem of Section 5 to the microwave antenna system depicted
in Fig. 1. In the transmitting situation the domain indicated as
the generator is capable of carrying external currents, in the
receiving situation this part of the system acts as the load. The
waveguide connecting the generator/load domain to the other
parts of the antenna system (amongst which are the reflector
or horn and the radiating aperture) is assumed to have a uni-
formly cylindrical, lossless section. Let M be the (finite) number

reference plane

of propagating modes in this section; all modes of higher order
than M are evanescent.

To allow for multimode operation* of the waveguide, we take
M = 1.1t is further assumed that in the uniform section a trans-
verse reference plane can be chosen, such that with sufficient
accuracy the total electromagnetic field in this cross-section can
be written as the superposition of the contributions from the
propagating modes only. (This implies that the reference plane
is sufficiently far removed from non-uniformities in the wave-
guide.) Let the Cartesain co-ordinate system be chosen such that
the plane z = L coincides with the reference plane and the posi-
tive z-direction be chosen away from the generator/load. Then
the transverse parts of the electromagnetic field vectors in the
reference plane can be written as:

E ransverse (5, L) =
= 25-i[d, exp(iB,L) + B, exp(—ip, L), (x,y), 6.1
H i ansverse (6,7, L) =
= 214, exp(,L) — B, exp(—if,L)h,(x,y), (6.2)

where 4, is the complex amplitude of the m-th mode propa-
gating in the positive z-direction, B,, is the complex amplitude
of the m-th mode in the negative z-direction and §,, e,, and h,,
are the phase factor, the transverse electric field distribution
and the transverse magnetic field distribution, respectively, of
the m-th mode propagating in the positive z-direction. The

transverse mode distributions satisfy the orthogonality relation:
fipte,, xh,) idxdy = 0ifm+#n, 6.3)

where D is the cross-section of the waveguide and i, is the unit
vector in the positive z-direction. Further, the normalization
constant N, of the m-th mode is introduced as:

N, i (e, xh,)idxdy. 6.4)
In the transmitting situation we write:

Bl =pTyl

m m?

6.5)

*) The question as to multimode operation has been raised by Dr.
M. E. J. Jeuken, Department of Electrical Engineering, Eindhoven
University of Technology, Eindhoven, The Netherlands.
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antenna

Fig. 1. Reciprocity relation
for a microwave antenna
system. In the transmitting
situation (a) the generator
domain is capable of car-
rying external currents, in
the receiving situation (b)
a plane wave is incident
upon the system.
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where pl is the reflection factor of the m-th mode in the trans-
mitting situation. This factor is a measure for the mismatch of
the radiating part of the antenna with respect to the m-th wave-
guide mode; if the relevant part of the antenna system is matched
to the m-th wavegiiide mode we have p = 0. Due to the linearity
of the system we can further write:

FT(#,) = Z%_ ATFI®,), (6.6)

m=1 "

where F,(f,) is the contribution from the m-th mode of unit
amplitude to the vectorial amplitude radiation characteristic of
the antenna irl the transmitting situation.

In the receiving situation we write:

AR = pRBR

m m?

(6.7)

where pj is the reflection factor of the m-th mode in the re-
ceiving situation. This factor is a measure for the mismatch of
the load with respect to the m-th waveguide mode; if the load
is matched to the m-th waveguide mode we have p& = 0.

We now apply (5.2) to the closed surface S indicated by the
dotted lines in Fig. 1. Since the waveguide walls, all other walls
of the antenna system and the reflector or horn are assumed to
be electrically perfectly conducting, we haven x ET'® = 0 on
these parts. Hence:

JISE"xH® — ER x H") - nd4 =
= —ffpETxH? — ER x H") - i,dxdy. (6.8)

Substituting the expansions (6.1) and (6.2) in the right-hand side,
taking into account the orthogonality relation (6.3) and the nor-

malization condition (6.4) and using (6.5), (6.6) and (6.7), we
obtain:
254 (1—pIpRYATBEN, = (iop,) ™ 'B-ZY_ ATFI (). (6.9)

mom m

As (6.9) must hold for arbitrary values of A7, ..., 4% we have:
21— prpm) BuN,, = (iou)™ B - Fr(f) (6.10)
m=1,..,M).

By measuring p, p& and BY and calculating N,, we can deter-
mine B-F T (B) from (6.10). By varying the direction of propa-
gation B of the incident plane wave and its state of polarization
we then can determine all components of F¥ (B) for all relevant

directions (Cf. [5]).

References

[1] FLUGGE, S.: Handbuch der Physik, Bd. 16 (Elektrische Felder und
Wellen), p. 475, Springer, Berlin, 1958. '

[2] DE Hoop, A. T.: ‘A reciprocity relation between the transmitting
and the recejving properties of an antenna’, Appl. Sci. Res. 19 (1968)
90 ... 96.

[3] MULLER, C.: Grundprobleme der mathematischen Theorie elek-
tromagnetischer Schwingungen, p. 261, Springer, Berlin, 1957.

[4] O’DeLL, T. H.: The electrodynamics of magnetro-electric media,
p. 22, North-Holland Publishing Company, Amsterdam, 1970.

[5] Jeuken, M. E. J.: Frequency-independence and symmetry
properties of corrugated conical horn antennas with small flare
angles, Thesis, Eindhoven University of Technology, Eindhoven
(The Netherlands), 1970, Section 2.5 and Appendix B.



