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Abstract—A modern tensorial approach to electromagnetic
field theory in affine (3 + 1)-spacetime ℝ

3 × ℝ is presented.
In it, the electric field and source quantities occur as tensors of
rank one (vectors) and the magnetic field and source quantities
as antisymmetric tensors of rank two. The approach leads to
considerable simplifications over the traditional electric/magnetic
vector approach.

I. INTRODUCTION

A modern time-domain approach to electromagnetic (EM)
field theory in affine (3 + 1)-spacetime is presented. In it,
spacetime is conceived as an affine space ℝ

3 ×ℝ. No metric
is assumed, like the Lorentzian one in traditional special
relativity [1, Chapter IV]. In accordance with the Einstein
axiom on the tensorial structure of macroscopic physical
quantities in space, the electric field and source quantities
occur as tensors of rank one (vectors) and the magnetic field
and source quantities as antisymmetric tensors of rank two. In
accordance with the Lorentz theory of electrons, the presence
of matter is introduced via source quantities in an unbounded,
homogeneous, isotropic background medium (vacuum) [2].
The role of the field/source compatibility relations, the consti-
tutive relations, the EM energy balance and the EM balance
of momentum are discussed, and expressions are derived for
the field radiated by sources. In view of their numerous ap-
plications, also the field/source/contrast-in-medium reciprocity
relations of the time-convolution type and the time-correlation
type are given. The final section lists a number of conclusions,
some of them with far-reaching consequences. One of them
is that, in the approach, only elementary mathematics and
some array theory is needed and standard vector calculus is
superfluous, while the much discussed concept of ’magnetic
monopole’ is shown to need a reformulation.

II. THE EM SOURCE QUANTITIES AND THE EM FIELD

EQUATIONS

Standard macroscopic wavefield theory is characterized by
the occurrence of two intensive field quantities whose ’inner
product’ represents the transfer of field energy and two ex-
tensive field quantities whose ’inner product’ represents the
transfer of field momentum, together with the occurrence of
two field-independent source quantities that are representative
of the excitation of the field. According to [3], all these

quantities are spatial tensors in ℝ
3 and can depend on time in

ℝ. In the field equations, the spatial changes of the intensive
field quantities are counterbalanced by a change in time of the
extensive field quantities, with the consequence that wavelike
solutions can occur.

To specify an observer’s position in space, we employ the
Cartesian coordinates {𝑥1, 𝑥2, 𝑥3} with respect to a reference
frame with the origin 𝒪 and the mutually perpendicular
base vectors {𝒊1, 𝒊2, 𝒊3}. The corresponding position vector
is 𝒙 = 𝑥1𝒊1 + 𝑥2𝒊2 + 𝑥3𝒊3. The time coordinate is 𝑡. The
subscript notation for vectors and tensors is employed and
the summation convention applies to repeated subscripts in a
single term in an expression. Lower-case Latin symbols are
used for this purpose; they run through the values {1, 2, 3}.
Partial differentiation with respect to 𝑥𝑚 is denoted by ∂𝑚;
∂𝑡 is a reserved symbol for differentiation with respect to 𝑡.

The electric field strength 𝐸𝑟(𝒙, 𝑡), a tensor of rank one,
and the magnetic field strength 𝐻−

𝑝,𝑞(𝒙, 𝑡) = −𝐻−
𝑞,𝑝(𝒙, 𝑡),

an antisymmetric tensor of rank two, are the intensive field
quantities in EM theory; their ’inner product’

𝑆𝑝 = 𝐻−
𝑝,𝑞𝐸𝑞 (1)

represents the area density of EM power flow (Poynting vector)
[4, Section 21.2], [5, Section 2.19]. The electric flux density
𝐷𝑘(𝒙, 𝑡), a tensor of rank one, and the magnetic flux density
𝐵−

𝑖,𝑗(𝒙, 𝑡) = −𝐵−
𝑗,𝑖(𝒙, 𝑡), an antisymmetric tensor of rank two,

are the extensive field quantities in EM theory; their ’inner
product’

𝐺𝑖 = 𝐵−
𝑖,𝑗𝐷𝑗 (2)

represents the volume density of EM momentum [5, Section
2.6].

The EM field equations that couple the spatial and temporal
changes are

∂𝑚𝐻
−
𝑚,𝑘 + ∂𝑡𝐷𝑘 = 𝐽𝑘, (3)

[∂𝑖𝐸𝑗 ]
− + ∂𝑡𝐵

−
𝑖,𝑗 = 𝐾−

𝑖,𝑗 , (4)

where 𝐽𝑘 is the volume density of impressed electric current,
𝐾−

𝑖,𝑗 is the volume density of impressed magnetic current, and

[∂𝑖𝐸𝑗 ]
− = (∂𝑖𝐸𝑗 − ∂𝑗𝐸𝑖)/2. (5)
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III. THE FIELD/SOURCE COMPATIBILITY RELATIONS,THE

VOLUME DENSITIES OF CHARGE, THE UNIQUENESS OF THE

INITIAL-VALUE PROBLEM AND THE CONSTITUTIVE

RELATIONS

Operating on (3) with ∂𝑘 and taking into account that
∂𝑘∂𝑚𝐻

−
𝑚,𝑘 = 0 yields the field/source compatibility relation

∂𝑡(∂𝑘𝐷𝑘) = ∂𝑘𝐽𝑘. (6)

Operating on (4) with ∂𝑘 and observing that ∂𝑘[∂𝑖𝐸𝑗 ]
− +

∂𝑖[∂𝑗𝐸𝑘]
− + ∂𝑗 [∂𝑘𝐸𝑖]

− = 0, yields the field/source compati-
bility relation

∂𝑡(∂𝑘𝐵
−
𝑖,𝑗 + ∂𝑖𝐵

−
𝑗,𝑘 + ∂𝑗𝐵

−
𝑘,𝑖) =

∂𝑘𝐾
−
𝑖,𝑗 + ∂𝑖𝐾

−
𝑗,𝑘 + ∂𝑗𝐾

−
𝑘,𝑖

for 𝑖 ∕= 𝑗 ∕= 𝑘. (7)

To accommodate the interpretation of the volume densities of
current to consist of collections of moving charged particles,
we introduce as the volume density of electric charge the scalar
quantity

𝜌 = −∂−1
𝑡 (∂𝑘𝐽𝑘) (8)

and as the volume density of magnetic charge the completely
anti-symmetric tensor of rank three

𝜎𝑖,𝑗,𝑘 = −∂−1
𝑡 (∂𝑘𝐾

−
𝑖,𝑗 + ∂𝑖𝐾

−
𝑗,𝑘 + ∂𝑗𝐾

−
𝑘,𝑖)

for 𝑖 ∕= 𝑗 ∕= 𝑘, (9)

where ∂−1
𝑡 denotes integration with respect to time.

In (3) – (4), the number of unknowns is twice the number of
equations. To meet the physical requirement of the uniqueness
of the EM initial-value problem [6], the field equations are
supplemented with the constitutive relations

𝐷𝑘 = 𝜖 𝐸𝑘, (10)

𝐵−
𝑖,𝑗 = 𝜇 𝐻−

𝑖,𝑗 , (11)

in which 𝜖 and 𝜇 are taken to be positive constants to fit
within the Lorentz theory of electrons [2], in which theory 𝐽𝑘
and 𝐾−

𝑖,𝑗 represent the presence of matter in an unbounded
homogeneous, isotropic, empty universe. (Note that also the
special theory of relativity is based on this concept [1, Chapter
V].)

IV. THE EM ENERGY BALANCE

Replacing𝐷𝑘 in (3) with 𝜖𝐸𝑘 and operating on the resulting
equation with 𝐸𝑘, replacing 𝐵−

𝑖,𝑗 in (4) with 𝜇𝐻−
𝑖,𝑗 and

operating on the resulting equation with 𝐻−
𝑖,𝑗 , and adding the

results, we arrive at the local form of the EM energy balance
that interrelates the area density of EM power flow 𝑆𝑚, the
volume density of stored EM energy 𝑤𝐸𝐻 and the volume
density of EM power delivered by the sources 𝑃 𝐽𝐾 via

∂𝑚𝑆𝑚 + ∂𝑡𝑤
𝐸𝐻 = 𝑃 𝐽𝐾 , (12)

with

𝑆𝑚 = 𝐻−
𝑚,𝑘𝐸𝑘, (13)

𝑤𝐸𝐻 = 𝜖𝐸𝑘𝐸𝑘/2 + 𝜇𝐻
−
𝑖,𝑗𝐻

−
𝑖,𝑗/2, (14)

𝑃 𝐽𝐾 = 𝐽𝑘𝐸𝑘 +𝐾
−
𝑖,𝑗𝐻

−
𝑖,𝑗 . (15)

The global form of (12) for a bounded domain 𝒟, with
boundary ∂𝒟, follows upon integrating (12) over 𝒟 and
applying Gauss’ theorem [4, Chapter 21].

V. THE EM BALANCE OF MOMENTUM

Replacing 𝐻−
𝑖,𝑗 in (3) with 𝜇−1𝐵−

𝑖,𝑗 and operating on the
resulting equation with 𝐵−

𝑗,𝑘, replacing 𝐸𝑖 in (4) with 𝜖−1𝐷𝑖

and operating on the resulting equation with 𝐷𝑗 , and adding
the results, we arrive, after a number of rearrangements of the
different terms and the use of the compatibility relations (6)
and (7), at the local form of the EM balance of momentum
that interrelates the Maxwell stress tensor 𝑇𝐷𝐵

𝑖,𝑗 , the volume
density of EM momentum 𝐺𝐷𝐵

𝑗 and the volume density of EM
force 𝑓𝐽𝐾𝑗 via

−∂𝑖𝑇𝐷𝐵
𝑖,𝑗 + ∂𝑡𝐺

𝐷𝐵
𝑗 = 𝑓𝐽𝐾𝑗 , (16)

with

𝑇𝐷𝐵
𝑖,𝑗 = [𝐷𝑖𝐷𝑗 − (𝐷𝑘𝐷𝑘/2)𝛿𝑖,𝑗 ]/𝜖+

[−𝐵−
𝑖,𝑘𝐵

−
𝑗,𝑘 + (𝐵−

𝑚,𝑘𝐵
−
𝑚,𝑘/4)𝛿𝑖,𝑗 ]/𝜇, (17)

𝐺𝐷𝐵
𝑖 = 𝐵−

𝑖,𝑗𝐷𝑗 , (18)

𝑓𝐽𝐾𝑗 = 𝐵−
𝑗,𝑘𝐽𝑘 +𝐾

−
𝑗,𝑘𝐷𝑘 −𝐷𝑗𝜌/𝜖−

𝐵−
𝑚,𝑘𝜎𝑚,𝑘,𝑗/2𝜇, (19)

where (8) and (9) have been used. The global form of (16)
for a bounded domain 𝒟, with boundary ∂𝒟, follows upon
integrating (16) over 𝒟 and applying Gauss’ theorem.

VI. EM RADIATION FROM SOURCES

Eliminating 𝐷𝑘, 𝐵
−
𝑖,𝑗 and 𝐻−

𝑖,𝑗 from (3) – (4) and (10) –
(11), using the field/source compatibility relation (6), we arrive
at the electric-field vector wave equation

(∂𝑚∂𝑚)𝐸𝑘 − 𝑐−2∂2𝑡𝐸𝑘 = −𝐹𝑘

= −𝛿(𝒙, 𝑡) (𝒙)∗ (𝑡)∗ 𝐹𝑘, (20)

with

𝑐 = (2𝜖𝜇)−1/2, (21)

𝐹𝑘 = 2𝜇∂𝑡𝐽𝑘 − 𝜖−1∂−1
𝑡 ∂𝑘(∂𝑚𝐽𝑚)− 2∂𝑚𝐾

−
𝑚,𝑘, (22)

and where
(𝒙)∗ denotes spatial convolution over ℝ

3 and
(𝑡)∗

temporal convolution over ℝ. The solution of (20) can be
written as

𝐸𝑘 = 𝐺
(𝒙)∗ (𝑡)∗ 𝐹𝑘, (23)

where

(∂𝑚∂𝑚)𝐺− 𝑐−2∂2𝑡𝐺 = −𝛿(𝒙, 𝑡), (24)
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with the solution

𝐺(𝒙, 𝑡) = 𝛿(𝑡− ∣𝒙∣/𝑐)/4𝜋∣𝒙∣ (25)

as the 3D Green’s function of the scalar wave equation. Re-
using (4) in which 𝐵−

𝑖,𝑗 has been replaced with 𝜇𝐻−
𝑖,𝑗 yields

the corresponding expression for the magnetic field.
Introducing the electric-current vector potential

𝐴𝑘 = 𝐺
(𝒙)∗ (𝑡)∗ 𝐽𝑘 (26)

and the magnetic-current tensor potential

Ψ−
𝑖,𝑗 = 𝐺

(𝒙)∗ (𝑡)∗ 𝐾−
𝑖,𝑗 , (27)

we arrive at

𝐸𝑘 = 2𝜇∂𝑡𝐴𝑘 − 𝜖−1∂−1
𝑡 ∂𝑘∂𝑚𝐴𝑚 − 2∂𝑚Ψ−

𝑚,𝑘 (28)

and

𝐻−
𝑖,𝑗 = 𝜇−1∂−1

𝑡 𝐾−
𝑖,𝑗 − 2[∂𝑖𝐴𝑗 ]

− +

2𝜇−1∂−1
𝑡 [∂𝑖∂𝑚Ψ−

𝑚,𝑗]
− (29)

= −2[∂𝑖𝐴𝑗 ]
− + 2𝜖∂𝑡Ψ

−
𝑖,𝑗 −

𝜇−1∂−1
𝑡 ∂𝑚[∂𝑚Ψ−

𝑖,𝑗 + ∂𝑖Ψ
−
𝑗,𝑚 + ∂𝑗Ψ

−
𝑚,𝑖], (30)

where the tensor wave equation for the magnetic tensor
potential has been used.

A. Far-field approximation

For radiating sources of bounded spatial support, the far-
field approximation to (26) – (30) follows upon using in the
spatial convolution integrals [4, Sections 26.11, 26.12]

∣𝑅𝝃 − 𝒙′∣ = 𝑅− 𝜉𝑚𝑥′𝑚 +𝑂(𝑅−1) as 𝑅→ ∞,
with 𝜉𝑚 = 𝑥𝑚/∣𝒙∣ and

𝒙′ ∈ supp(𝐽𝑘,𝐾
−
𝑖,𝑗), (31)

together with ∂𝑚 ≃ −(𝜉𝑚/𝑐)∂𝑡, and the representations

{𝐸𝑘, 𝐻
−
𝑖,𝑗 , 𝐴𝑘,Ψ

−
𝑖,𝑗}(𝒙, 𝑡) =

{𝐸∞
𝑘 , 𝐻

−;∞
𝑖,𝑗 , 𝐴∞

𝑘 ,Ψ
−;∞
𝑖,𝑗 }(𝝃, 𝑡−𝑅/𝑐)

4𝜋𝑅

[
1 +𝑂(𝑅−1

]
as 𝑅→ ∞, (32)

with

𝐴∞
𝑘 (𝝃, 𝑡) =

∫
𝒙′∈supp(𝐽𝑘)

𝐽𝑘(𝒙
′, 𝑡+ 𝜉𝑚𝑥′𝑚/𝑐)d𝑉 (𝒙′), (33)

Ψ−;∞
𝑖,𝑗 (𝝃, 𝑡) =

∫
𝒙′∈supp(𝐾−

𝑖,𝑗)

𝐾−
𝑖,𝑗(𝒙

′, 𝑡+ 𝜉𝑚𝑥′𝑚/𝑐)d𝑉 (𝒙′),

(34)

and

𝐸∞
𝑘 = 2𝜇∂𝑡(𝛿𝑘,𝑚 − 𝜉𝑘𝜉𝑚)𝐴∞

𝑚 + 2(𝜉𝑚/𝑐)∂𝑡Ψ
−;∞
𝑚,𝑘 , (35)

𝐻∞
𝑖,𝑗 = (𝜉𝑖/𝑐)∂𝑡𝐴

∞
𝑗 − (𝜉𝑗/𝑐)∂𝑡𝐴

∞
𝑖 +

2𝜖[(𝜉𝑖/𝑐)(𝜉𝑚/𝑐)∂𝑡Ψ
−;∞
𝑚,𝑗 − (𝜉𝑗/𝑐)(𝜉𝑚/𝑐)∂𝑡Ψ

−;∞
𝑚,𝑖 ].

(36)

The far-field amplitudes satisfy the relations (𝜉𝑚/𝑐)𝐻
−;∞
𝑚,𝑘 =

𝜖𝐸∞
𝑘 and [𝜉𝑖𝐸

∞
𝑘 ]− = 𝜇𝐻−;∞

𝑖,𝑗 , that are characteristic for the
(local) behavior as a plane wave propagating in the direction
of 𝜉𝑚.

VII. FIELD/SOURCE/CONSTRAST-IN-MEDIUM

RECIPROCITY RELATION OF THE TIME-CONVOLUTION TYPE

A reciprocity theorem interrelates the fields, source distribu-
tions and constitutive properties of two ’states’ that can occur
in one and the same domain in space. The two states will be
referred to as ’State 𝐴’ and ’State 𝐵’, respectively. Two types
of reciprocity relations appear to be useful: one of the time-
convolution type, one of the time-correlation type [4, Chapter
28]. In view of this, we explicitly indicate the time argument
in the quantities involved.

For the reciprocity relation of the time-convolution type,
State 𝐴 is characterized by the EM field equations

∂𝑚𝐻
−;𝐴
𝑚,𝑘 (𝑡) + 𝜖

𝐴∂𝑡𝐸
𝐴
𝑘 (𝑡) = 𝐽𝐴

𝑘 (𝑡), (37)

[∂𝑖𝐸
𝐴
𝑗 (𝑡)]

− + 𝜇𝐴∂𝑡𝐻
−;𝐴
𝑖,𝑗 (𝑡) = 𝐾−;𝐴

𝑖,𝑗 (𝑡), (38)

and State 𝐵 by the field equations

∂𝑚𝐻
−;𝐵
𝑚,𝑘 (𝑡) + 𝜖

𝐵∂𝑡𝐸
𝐵
𝑘 (𝑡) = 𝐽𝐵

𝑘 (𝑡), (39)

[∂𝑖𝐸
𝐵
𝑗 (𝑡)]− + 𝜇𝐵∂𝑡𝐻

−;𝐵
𝑖,𝑗 (𝑡) = 𝐾−;𝐵

𝑖,𝑗 (𝑡). (40)

Operating on (37) with
(𝑡)∗ 𝐸𝐵

𝑘 , on (38) with − (𝑡)∗ 𝐻−;𝐵
𝑖,𝑗 , on

(39) with − (𝑡)∗ 𝐸𝐴
𝑘 and on (40) with

(𝑡)∗ 𝐻−;𝐴
𝑖,𝑗 , and adding the

results. we arrive at the local form of the field/source/contrast-
in-medium reciprocity relation of the time-convolution type

∂𝑚[𝐻−;𝐴
𝑚,𝑘 (𝑡)

(𝑡)∗ 𝐸𝐵
𝑘 (𝑡)−𝐻−;𝐵

𝑚,𝑘 (𝑡)
(𝑡)∗ 𝐸𝐴

𝑘 (𝑡)] +

∂𝑡(𝜖
𝐴 − 𝜖𝐵)𝐸𝐴

𝑘 (𝑡)
(𝑡)∗ 𝐸𝐵

𝑘 (𝑡) +

∂𝑡(𝜇
𝐵 − 𝜇𝐴)𝐻−;𝐵

𝑖,𝑗 (𝑡)
(𝑡)∗ 𝐻−;𝐴

𝑖,𝑗 (𝑡) =

𝐽𝐴
𝑘 (𝑡)

(𝑡)∗ 𝐸𝐵
𝑘 (𝑡) +𝐾−;𝐵

𝑖,𝑗 (𝑡)
(𝑡)∗ 𝐻−;𝐴

𝑖,𝑗 (𝑡)−
𝐽𝐵
𝑘 (𝑡)

(𝑡)∗ 𝐸𝐴
𝑘 (𝑡)−𝐾−;𝐴

𝑖,𝑗 (𝑡)
(𝑡)∗ 𝐻−;𝐵

𝑖,𝑗 (𝑡). (41)

The global form of the reciprocity relation, applying to the
bounded domain 𝒟, follows upon integrating (41) over the
domain 𝒟 and applying Gauss’ theorem (Figure 1). This leads
to ∫

∂𝒟
𝜈𝑚[𝐻−;𝐴

𝑚,𝑘 (𝑡)
(𝑡)∗ 𝐸𝐵

𝑘 (𝑡)−𝐻−;𝐵
𝑚,𝑘 (𝑡)

(𝑡)∗ 𝐸𝐴
𝑘 (𝑡)]d𝐴 +

∫
𝒟
[∂𝑡(𝜖

𝐴 − 𝜖𝐵)𝐸𝐴
𝑘 (𝑡)

(𝑡)∗ 𝐸𝐵
𝑘 (𝑡) +

∂𝑡(𝜇
𝐵 − 𝜇𝐴)𝐻−;𝐵

𝑖,𝑗 (𝑡)
(𝑡)∗ 𝐻−;𝐴

𝑖,𝑗 (𝑡)]d𝑉 =∫
𝒟
[𝐽𝐴

𝑘 (𝑡)
(𝑡)∗ 𝐸𝐵

𝑘 (𝑡) +𝐾−;𝐵
𝑖,𝑗 (𝑡)

(𝑡)∗ 𝐻−;𝐴
𝑖,𝑗 (𝑡)−

𝐽𝐵
𝑘 (𝑡)

(𝑡)∗ 𝐸𝐴
𝑘 (𝑡)−𝐾−;𝐴

𝑖,𝑗 (𝑡)
(𝑡)∗ 𝐻−;𝐵

𝑖,𝑗 (𝑡)]d𝑉, (42)

where ∂𝒟 is the boundary of 𝒟 and 𝜈𝑚 is the unit vector
along the outward normal to ∂𝒟. This relation is a basic tool
in the theory of EM imaging and inversion methods [7].
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𝒟

∂𝒟

𝝂𝒙

Fig. 1. Domain of application of global reciprocity.

VIII. FIELD/SOURCE/CONTRAST-IN-MEDIUM

RECIPROCITY RELATION OF THE TIME-CORRELATION TYPE

For the reciprocity relation of the time-correlation type,
State 𝐴 is characterized by the EM field equations

∂𝑚𝐻
−;𝐴
𝑚,𝑘 (𝑡) + 𝜖

𝐴∂𝑡𝐸
𝐴
𝑘 (𝑡) = 𝐽𝐴

𝑘 (𝑡), (43)

[∂𝑖𝐸
𝐴
𝑗 (𝑡)]

− + 𝜇𝐴∂𝑡𝐻
−;𝐴
𝑖,𝑗 (𝑡) = 𝐾−;𝐴

𝑖,𝑗 (𝑡), (44)

State 𝐵 by the field equations

∂𝑚𝐻
−;𝐵
𝑚,𝑘 (−𝑡)− 𝜖𝐵∂𝑡𝐸𝐵

𝑘 (−𝑡) = 𝐽𝐵
𝑘 (−𝑡), (45)

[∂𝑖𝐸
𝐵
𝑗 (−𝑡)]− − 𝜇𝐵∂𝑡𝐻−;𝐵

𝑖,𝑗 (−𝑡) = 𝐾−;𝐵
𝑖,𝑗 (−𝑡). (46)

Operating on (43) with
(𝑡)∗ 𝐸𝐵

𝑘 (−𝑡), on (44) with
(𝑡)∗

𝐻−;𝐵
𝑖,𝑗 (−𝑡), on (45) with

(𝑡)∗ 𝐸𝐴
𝑘 (𝑡) and on (46) with

(𝑡)∗
𝐻−;𝐴

𝑖,𝑗 (𝑡), and adding the results. we arrive at the local form of
the field/source/contrast-in-medium reciprocity relation of the
time-correlation type

∂𝑚[𝐻−;𝐴
𝑚,𝑘 (𝑡)

(𝑡)∗ 𝐸𝐵
𝑘 (−𝑡) +𝐻−;𝐵

𝑚,𝑘 (−𝑡)
(𝑡)∗ 𝐸𝐴

𝑘 (𝑡)] +

∂𝑡(𝜖
𝐴 − 𝜖𝐵)𝐸𝐴

𝑘 (𝑡)
(𝑡)∗ 𝐸𝐵

𝑘 (−𝑡) +
∂𝑡(𝜇

𝐴 − 𝜇𝐵)𝐻−;𝐵
𝑖,𝑗 (−𝑡) (𝑡)∗ 𝐻−;𝐴

𝑖,𝑗 (𝑡) =

𝐽𝐴
𝑘 (𝑡)

(𝑡)∗ 𝐸𝐵
𝑘 (−𝑡) +𝐾−;𝐵

𝑖,𝑗 (−𝑡) (𝑡)∗ 𝐻−;𝐴
𝑖,𝑗 (𝑡) +

𝐽𝐵
𝑘 (−𝑡) (𝑡)∗ 𝐸𝐴

𝑘 (𝑡) +𝐾
−;𝐴
𝑖,𝑗 (𝑡)

(𝑡)∗ 𝐻−;𝐵
𝑖,𝑗 (−𝑡). (47)

The global form of the reciprocity relation, applying to the
bounded domain 𝒟, follows upon integrating (47) over the
domain 𝒟 and applying Gauss’ theorem (Figure 1). This leads
to∫

∂𝒟
𝜈𝑚[𝐻−;𝐴

𝑚,𝑘 (𝑡)
(𝑡)∗ 𝐸𝐵

𝑘 (−𝑡) +𝐻−;𝐵
𝑚,𝑘 (−𝑡)

(𝑡)∗ 𝐸𝐴
𝑘 (𝑡)]d𝐴+

∫
𝒟
[∂𝑡(𝜖

𝐴 − 𝜖𝐵)𝐸𝐴
𝑘 (𝑡)

(𝑡)∗ 𝐸𝐵
𝑘 (−𝑡) +

∂𝑡(𝜇
𝐴 − 𝜇𝐵)𝐻−;𝐵

𝑖,𝑗 (−𝑡) (𝑡)∗ 𝐻−;𝐴
𝑖,𝑗 (𝑡)d𝑉 =∫

𝒟
[𝐽𝐴

𝑘 (𝑡)
(𝑡)∗ 𝐸𝐵

𝑘 (−𝑡) +𝐾−;𝐵
𝑖,𝑗 (−𝑡) (𝑡)∗ 𝐻−;𝐴

𝑖,𝑗 (𝑡) +

𝐽𝐵
𝑘 (−𝑡) (𝑡)∗ 𝐸𝐴

𝑘 (𝑡) +𝐾
−;𝐴
𝑖,𝑗 (𝑡)

(𝑡)∗ 𝐻−;𝐵
𝑖,𝑗 (−𝑡)]d𝑉. (48)

This relation is a basic one in the theory of Green’s function
retrieval methods through time cross-correlation [8].

IX. CONCLUSION

The tensorial approach of EM field theory offers con-
siderable simplifications over the standard approach via the
electric/magnetic vector one. It involves only elementary math-
ematics, makes standard vector calculus superfluous, and needs
no specification as regards the orientation of the spatial refer-
ence frame, while computationally it maps straightforwardly
on ’array’ handling techniques in electromagnetic software.
An important issue of a physical nature is that it puts the
discussion on the existence of a ’magnetic monopole’ on a
different level. The theory naturally leads to the concept of
’magnetic charge’ as a completely antisymmetric tensor of
rank three and not to one of a scalar quantity. In view of
this, experiments to detect the charge through its ’sensing’ by
an EM field have to be reconsidered within the full tensorial
framework. An even more fundamental deviation from the
standard theory (in particular as far as the special theory of
relativity is concerned) is that spacetime is conceived as an
affine space rather than a metric space, so, also the four-
dimensional Lorentz metric goes out of sight, together with its
geometric consequences. The view of affinity is also supported
by the fact that the principle of causality applies to the
(macroscopic) physical (EM) field (uniqueness of the initial-
value problem), which is a principle that only applies to the
time coordinate and not to the spatial coordinates.

Finally, it is observed that the magnetic constitutive co-
efficient introduced in (11) differs by a factor of two from
the traditional one in magnetic vector theory. It is, however,
logically consistent with the present tensorial theory.
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